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1. I. Introduction
huge number of investigations have been performed in the last decade regarding the solar tracking systems. Among the aspects generally covered in these previous investigations are: the design model (mechanical structure), technology (sensors, actuators, microprocessors, and microcontrollers) algorithms (control schemes) and comparative efficiency (in what extent solar tracking systems are efficient).
Based on experiments and experimentations, most of the previous works and investigations carried out, primarily aimed to determine the level of efficiency that could be expected by using a solar tracking system. Different results were concluded leading to discrepancies in terms of energy gain factor [1]. Based on theoretical geometrical considerations and some assumptions, [1] established the comparative energy efficiency of a dual axis solar tracking system to a static tilted cells array, as a function of latitude, day number and inclination angle (see Eq (19) and ( 21) as mentioned on page 453 of [1] ) when the azimuthal deviation is set to zero.
The study carried out by [1] did not take into account single axes solar trackers. Furthermore the main formulas obtained by [1] are valid when azimuthal deviation (??) is set to zero. Therefore extending the analysis on all cases of solar trackers and considering the non-zero azimuthal deviation are the motivations of this paper and define its major goals.
Let's recall that the vectors ???? (Vector representing Normal irradiance to PV plane) and ???? (Vector representing the incident solar irradiance) are expressed as follows [1]: ???? ? ?? ?????? cos(??)sin(?? + ??) ?? ?????? cos(??)cos(?? + ??) ?? ?????? sin(??) ? ; ???? ? 0 ??? ?????? sin (??) ?? ?????? cos (??)
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Where: ? ?? is the inclination angle of static tilted PV plane. ? ?? (sun elevation angle) and ?? (sun azimuth angle) are as defined in appendix 1.
? ?? : azimuthal deviation (see appendix 2).
The scalar product computation of ???? and ????, then leads to define the daily solar radiation captured by static tilted PV cells as:
?? ?? = ?? ?????? ? |????????| ?? ?????? ?? ????????
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For achieving the aforementioned goals, assumptions made by [1] are adopted and a straightforward vector analysis is used to compute ratios of daily solar energy received by systems (trackers or static tilted photovoltaic cells).
Where:
? ?? ???????? and ?? ?????? respectively denotes time of sun rise and that of sun set (See appendix1). ? ?? = (????, ????), i.e the angle between solar incident irradiance and the normal vector ???? to the plane of PV cell arrays. ? ?? ?? = ?? ?? (??, ??, ??, ??)
The interval of integration ([?? ???????? , ?? ?????? ]) is then subdivided in three intervals such that the sign of function ???????? remains the same in each of them:
?? ?? = ?? ?????? ?? |????????| ?? 1 ?? ???????? ???? + ? |????????| ?? 2 ?? 1 ???? + ? |????????| ?? ?????? ?? 2
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(2)
? ? ? ?? 1 (ð�??"ð�??" + ?? 0 ) 12?? 2 ?? ??????? ? ??ð�??"ð�??" 12 ? + ?????? ? ???? 0 12 ?? ? 12?? 3 ?? ??????? ? ??ð�??"ð�??" 12 ? ? ?????? ? ???? 0 12 ?? ?? 1 (? ? ð�??"ð�??") 12?? 2 ?? ??????? ? ??? 12 ? ? ?????? ? ??ð�??"ð�??" 12 ?? ? 12?? 3 ?? ??????? ? ??? 12 ? ? ?????? ? ??ð�??"ð�??" 12 ?? ?? 1 (?? 0 ? ?) 12?? 2 ?? ??????? ? ???? 0 12 ? ? ?????? ? ??? 12 ?? ? 12?? 3 ?? ??????? ? ???? 0 12 ? ? ?????? ? ??? 12 ?? ? ? ?(3)Where:
?? 1 = ?? 1 (??, ??, ??, ??) = ????????(???????????????? ? ????????????????????????) (4) 1? ?? ?????? stands for daily energy captured by a dual axis solar tracker.
?? 2 = ?? 2 (??, ??, ??, ??) = ????????(???????????????? + ????????????????????????) (5) ?? 3 = ?? 3 (??, ??, ??, ??) = ????????????????????????(6)?? 0 = ?? 0 (??, ??) = 12 ?? ?????? ?1 (?????????????????) (7) (8)(9)Computing (2) and using (3) yield:
?? ?????? = ? 2 * ?? 0 ?? ?? 1?? 3 ?? =1 ?+?? ?? 2?? 3 ?? =1 ?+?? ?? 3?? 3 ?? =1 ? ? * ?? ??(10)Where:
? ?? ?? is the daily energy received by a static tilted PV plane.
By setting:
?? ???? = 2 * ?? 0 ?? ?? 1?? 3 ?? =1 ?+?? ?? 2?? 3 ?? =1 ?+?? ?? 3?? 3 ?? =1 ?(11)Energy efficiency (gain factor) of dual axis to static PV cell arrays is then measured by:
?? ???? (??, ??, ??, ??) = ?? ???? (??, ??, ??, ??) ? 1(12)In Southern Hemisphere variables ?? and ?? should be replaced by their opposites i.e. by ??? and -?? in all of the previous and next equations that involve these variables. It is worth noticing that tend ?? to zero leads to (21) of [1]: Let's define the (3x3) matrix S as follows:
lim ???0 ?? ???? (??, ??, ??, ??) = ??(??, ??, ??)(13)? = ?(??, ??, ??) = 24 ?? ?????? ?1 ? ???????? ??(???????? ) 2 +(???????? ) 2 ?(???????? ) 2 (???????? ) 2 ???????? +???????????????? ? ð�??"ð�??" = ð�??"ð�??"(??, ??, ??) = 24 ?? ?????? ?1 ? ????????? +?(???????? ) 2 +(???????? ) 2 ?(???????? ) 2 (???????? ) 2???????? +????????????????
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Let's consider a single axis tracker that performs rotational movement around a vertical axis according the principle that its angular rotation is locked on solar azimuth (??). Furthermore the PV cells array fastened on the vertical axis are assumed to be tilted with a certain inclination angle (Figure1 and FigureA2.1 of appendix2).
Let's ???? be the normal vector to the PV plane of the tracker. As the system tracks azimuth angle (??) it is not relevant to consider a certain azimuthal deviation so that ???? and ???? are expressed as: ?? ?????? sin(??)
? ; ???? ? ?? ?????? sin (?? ?? )sin(??) ?? ?????? sin (?? ?? )cos(??) ?? ?????? cos (?? ?? ) ? (14)If ?? ?? denotes the total daily energy captured by the single vertical axis tracker, then ( 14) yields:
?? ?? = ?? sin(?? ?? ) ???????? ???? ?? ?????? ?? ???????? + ? cos(?? ?? ) ???????? ???? ?? ?????? ?? ???????? ? * ?? ??????(15)To compute (15), power series expansion is used and the end result includes matrix (V) elements which are defined as follows (see appendix 2 for operation details):
?? 11 = ?1 ? ?? 2 2 ? ?? 4 4 ? ?1 ? ?????? ? ???? 0 12 ?? ? 12?????? ?? ?? ?? ? (16) ?? 12 = ? ???? 2 ?1 + ?? 2 2 ? ?1 ? ??????? ? ???? 0 12 ?? 2 ? ? 12?????? ?? ?? ?? ? (17) ?? 13 = ? ?? 2 6 ?1 + ?? 2 8 + ?? 2 ? ?1 ? ??????? ? ???? 0 12 ?? 3 ? ? 12?????? ?? ?? ?? ? (18) ?? 21 = ? ???? 8 ?2 + ?? 2 2 ? ?1 ? ??????? ? ???? 0 12 ?? 4 ? ? 12?????? ?? ?? ?? ?(19)?? 22 = ??(cos(?? ?? ))?? 0 (20)
?? 23 = 12?? ?? (cos?? ?? ) ??????? ? ???? 0 12 ??(21)Where:
?? = ??(??, ??) = ???????????????? (22) ?? = ??(??, ??) = ???????????????? (23)It comes:
?? ?????? = ?? 0 ?? ? ?? ???? 3 ?? =1 2 ??=1 ? * ?? ??(24)We define ?? ???? (Dual axis to Vertical axis) factor as: 
?? ???? (??, ?? ?? , ??) = ?? 0 ?? ? ?? ???? 3 ?? =1 2 ??=1 ? (25)
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The energy efficiency of dual axis tracking system to single vertical axis tracking system with a tilt angle ?? ?? , is measured by:
?? ???? (??, ?? ?? , ??) = ?? ???? (??, ?? ?? , ??) ? 1 (26)IV. Dual Axis Tracking versus Single Horizontal Axis Tracking (Performing Vertical Tracking) Tilted with a certain Inclination Angle
The horizontal tracker is assumed to rotate according a certain angle locked with solar elevation angle (??). Accordingly, for the first half of day length, two limit positions are defined:
? ?? = ?? 1 = 0, at time of sunrise (?? ???????? ). ? ?? = ?? 2 (the highest elevation angle) at local noon.
Where:
?? 2 = ?????? ?1 (?? + ??)(27)The general case deals with the single horizontal tracker with azimuthal deviation (?? ?? ) that might be comprised between 0° to 90° (from south to East,counterclockwise, in northern hemisphere; or from North to West, counterclockwise, in southern hemisphere) or between 0 to -90° (from south to West, clockwise, in northern hemisphere; or from North to East clockwise in southern hemisphere ).
Let's ???? be the normal vector to the PV plane of the tracker (Figure2). Vectors ???? and ???? (Vector representing the incident solar irradiance) are expressed as follows: The total daily energy (?? ?? ) captured by the single horizontal axis tracker, is given by:
?? ?? = 2 ? ??????(????, ????)???? 12 ?? ???????? (29)The (3x3) matrix H is introduced and defined by:  Where:  22) and ( 23). The total daily energy captured by a dual tracker compared to that of single horizontal axis is then expressed as:
?? 11 (??, ?? ?? , ??, ??) = ?6????????[?? 2 + (?? + ??)???????? 2 ] ?????????? ?? 12 (??, ?? ?? , ??, ??) = ?? ??? 1 ?1 ? ?????? ???? 0 12 ? + ?? 2 2 ?1 ? ?????? 2 ???? 0 12 ??(?? 1 = ?? 1 (??, ??) = 1 ? ?? 2 2 ? ?? 4 8 ?? 2 = ?? 2 (??, ??) = ????? ?1 + ?? 2 2 ? ?? 3 = ?? 3 (??, ??) = ? ?? 2 2 ?1 + ?? 2 8 + ?? 2 ? ?? 4 = ?? 4 (??, ??) = ? ???? 2 ?2 + ?? 2 2 ? ?? 5 = ?? 5 (??, ??) = ? ?? 2 4 ??? 2 + 3?? 2 16 + 5 4 ? ?? 1 = ?? 1 (??, ?? ?? , ??, ??) = ??????????? ?? ???????????????????????? ?? 2 = ?? 2 (??, ?? ?? , ??, ??) = ?(???????? ?? ????????)(?????????????????? ? ?????????????????? ) ?? 3 = ?? 3 (??,?? ?????? = ?? 0 ?? ? ?? ???? 3 ?? =1 3 ??=1 ? * ?? ?? Setting: ?? ???? (??, ?? ?? , ??, ??) = ?? 0 ?? ? ?? ???? 3 ?? =1 3 ??=1 ? (49)Allows to define the energy efficiency factor of a dual axis tracker compared to a single horizontal axis as:
?? ???? (??, ?? ?? , ??, ??) = ?? ???? (??, ?? ?? , ??, ??) ? 1 (50)The energy efficiency factor of a single vertical axis tracker compared to static PV arrays is established by inference, using (10), ( 11), ( 24) and (25): By inference, using ( 10), ( 11), ( 48) and ( 49), the energy efficiency factor of a single horizontal axis compared to static PV arrays, is established: ?? ?? denotes azimuthal deviation of single horizontal axis tracker; and ?? that of static PV arrays.
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The study carried out in this paper, formerly, established the general energy efficiency equations of both solar tracking systems (dual and single) and static tilted PV arrays. The equations were expressed as multivariable functions of latitude, inclination angle, day number and azimuthal deviation.
The study concluded that single vertical axis tracking, that performs horizontal tracking of sun position, is more efficient than single horizontal axis which performs vertical tracking of sun position. However it remains to decide, according the earth location, which slope angle should be optimal for a single vertical axis solar tracking system.
Three Matlab scripts (see appendix 3) were written for performing numerical computations that emphasize minimum efficiency values of dual axis tracking compared to single axes tracking and static (with azimuthal deviation) PV cell arrays. Three major results derived from computations:
1) The numerical results of Script#1 show that a static tilted PV array with a non-zero azimuthal deviation is less efficient than one without azimuthal deviation. In fact, a non-zero azimuthal deviation of static tilted PV array leads to a yearly tilt angle which is not optimal. That confirms the fact that the tilt angle of static PV array should be, rigorously, either due South (in Northern Hemisphere) or due North (in Southern Hemisphere) for an increased energy efficiency. 2) Numerical results of Script#2 and Script#3, clearly show that a single vertical axis tracking (which performs horizontal tracking of sun position) is generally more efficient than a single horizontal axis tracking system (which performs vertical tracking of sun position). That confirms the conclusion of [2] regarding the efficiency comparison of single vertical axis and single horizontal axis tracking systems. 3) Script#3 numerical results show that increasing azimuthal deviation of a single horizontal axis tracking system (that performs vertical tracking of sun position) leads to increase its efficiency.
Where:
??: Declination angle in degrees ??: day number (n=1 at the first of January)
2) Solar elevation (altitude) angle ?? (Fig A1 .2) is the angle between the projection of the sun's rays on the horizontal plane and the direction on the sun's rays. 
? ? ? ? ? ?? 1 = ???????? ? ??????? 2 ?? + ?????? 2 ?? ? ?????? 2 ???????? 2 ?? ???????????????? + ???????? ?? 2 = ???????? + ??????? 2 ?? + ?????? 2 ?? ? ?????? 2 ???????? 2 ?? ???????????????? + ????????Assuming that ?? = ?? ? ?? at time ?? = ?? 1 and ?? = ?? + ?? at time ?? = ?? 2 involves the following condition:
0 ? ?? ?? ? ?? 1 ? 12 ? ?? 2 ? ?? ?????? [A2.4] and [A2.5] allow to define:
? ? ? ? ? ?? 1 (??, ??, ??) = 24 ?? ?????? ?1 ? ??????? 2 ?? + ?????? 2 ?? ? ?????? 2 ???????? 2 ?? ? ???????? ???????????????? + ???????? ? + 12 ?? 2 (??, ??, ??) = 24 ?? ?????? ?1 ? ???????? ? ??????? 2 ?? + ?????? 2 ?? ? ?????? 2 ???????? 2 ?? ???????????????? + ???????? ? + 12If we set:
? ? ? ? ? ð�??"ð�??"(??, ??, ??) = 24 ?? ?????? ?1 ? ??????? 2 ?? + ?????? 2 ?? ? ?????? 2 ???????? 2 ?? ? ???????? ???????????????? + ???????? ? ?(??, ??, ??) = 24 ?? ?????? ?1 ? ???????? ? ??????? 2 ?? + ?????? 2 ?? ? ?????? 2 ???????? 2 ?? ???????????????? + ???????? ? Then: ? ?? 1 (??, ??, ??) = ð�??"ð�??"(??, ??, ??) + 12 ?? 2 (??, ??, ??) = ?(??, ??, ??) +122) The inclination direction for a static PV array or a single horizontal axis tracking system is assumed to be North-South facing in Northern Hemisphere and South-North facing in Southern Hemisphere, to ensure better energy efficiency. However, the present study assumes some minor or major deviations around the North-South direction or the South-North direction, in order to rigorously determine whether such deviations, called azimuthal, may either decrease or increase the overall energy efficiency of PV systems. In this paper, azimuthal deviation is positively counted when it is South due East, counterclockwise in Northern Hemisphere or North due West, counterclockwise, in Southern Hemisphere; and negatively when it is South due West, clockwise, in Northern Hemisphere, or North due East, clockwise, in Southern hemisphere. The values of azimuthal deviation are considered in the following interval:
? ?90°? ?? ? +90°? 90°? ?? ?? ? +90°Where ?? sets for static PV system azimuthal deviation and ?? ?? for that of PV single horizontal axis tracking system (performing vertical tracking of sun position).
3) The principle of horizontal tracking by a single vertical axis tracker is schematized below: Where a and b are respectively defined by ( 22) and ( 23).  And as:
? ?1 ? ?? ? 1 ?1 ? ?? ? 1 0 ? ?? ? 1The following power series expansion:
(1 + ??) ?? = 1 + ???? + ??(?? ? 1) 2! ?? 2 + ? + ??(?? ? 1) ? (?? ? ?? + 1) ??! ?? ?? + ? Is used to compute ?? 1 .
Afterward, the second integral, ?? 2 , is computed and added to the first integral result. A similar method is applied to compute (29). Year 2022 © 2022 Global Journals ( ) F
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Appendix B.2 Appendix 1
The earth follows a complex motion that consists of the daily motion and the annual motion. The daily motion causes the sun to appear in the east to west direction over the earth whereas the annual motion causes the sun to tilt at a particular angle while moving along east to west direction. Declination angle ?? ( %k=1 matches to lamda=0, k=2 to lamda=1, and so on% k=6; lamda(k)=(k-1); fori=1:66 % parameter of latitude% phi(i)=(i-1); for j=1:91 %parameter of inclination angle beta% beta(j)=(j-1); for n=1:365 % parameter of day number n%
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	 (pi*g(k,n,i,j)/12))

	
	
		S3(k,n,i,j)=abs(S31(k,n,i,j)+S32(k,n,i,j)+S33(k,n,i,j))
		
	

	
	
		S32(k,n,i,j)=(12*C2(k,n,i,j)/pi)*(sin(pi*T0(n,i)/12)-sin(pi*h(k
		
	

	
	
		S33(k,n,i,j)=(-12*C3(k,n,i,j)/pi)*(cos(pi*T0(n,i)/12)-cos(pi*h(k
		
	

	
	
		V12(n,i,j)=(12*sind(beta(j))/pi)*(X2(n,i)/2)*(1-(c(n,i)^2))
		
	

	
	
		V13(n,i,j)=(12/pi)*sind(beta(j))*(X3(n,i)/3)*(1-(c(n,i)^3))
		
	

	
	
		V21(n,i,j)=(12*sind(beta(j))/pi)*(X4(n,i)/4)*(1-(c(n,i)^4))
		
	

	
	
		V22(n,i,j)=a(n,i)*cosd(beta(j))*T0(n,i)
		
	

	
	
		V23(n,i,j)=(12*b(n,i)*cosd(beta(j))/pi)*sin(pi*T0
		12. 
	

	
	
		Elements% V11(n,i,j)=(12*sind(beta(j))/pi)*X1(n,i)*(1-c
		
			V Matrix
		. 
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