% GLOBAL JOURNAL OF RESEARCHES IN ENGINEERING
@I RIENINEIN MECHANICAL AND MECHANICS ENGINEERING

e;‘:"ig Volume 13 Issue 2 Version 1.0 Year 2013

B Type: Double Blind Peer Reviewed International Research Journal
Publisher: Global Journals Inc. (USA)
Online ISSN: 2249-4596 Print ISSN:0975-5861

Pole Placement Approach for Controlling Double Inverted
Pendulum

By Nita H. Shah & Mahesh Yeolekar

Absiract - In this paper, we present in-depth analysis of the classical double inverted pendulum (DIP)
system using the DIP modeling and the pole placement approach to control it. The double inverted
pendulum system has the characteristics of multiple variables, non-linear, absolute instability; it can reflect
many key issues in the progress of control, such as stabilization, non-linear and robust problems etc. DIP
model is a simplified model of the anterior-posterior motion of a standing human. DIP has four equilibrium
points (Down-Down, Down-Up, Up-Down, Up-Up). The objective of this paper is to keep the double
pendulum in an Up-Up unstable equilibrium point. Modeling is based on the Euler-Lagrange equations,
and the resulted non-linear model is linearized around Up-Up position. The built of mathematical model of
double inverted pendulum plays a guiding role on the stability of the system. The eigen-values of the
system which are the poles of the system have enormous influenced on stability and system response.
Pole placement is the control method which places the poles at the desired position to control the system
by calculating gain matrix of the system.

Keywords . double inverted pendulum, linear time-invariant system, pole placement method.

GJRE-A Classification : FOR Code. 010207, 0913990

POLE PLACEMENT APPROACH FOR CONTROLLING DOUBLE INVERTED PENDULUM

Strictly as per the compliance and reguilations of :

© 2013. Nita H. Shah & Mahesh Yeolekar. This is a research/review paper, distributed under the terms of the Creative Commons
Attribution-Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), permitting all non commercial
use, distribution, and reproduction in any medium, provided the original work is properly cited.



Pole Placement Approach for Controlling
Double Inverted Pendulum

Nita H. Shah * & Mahesh Yeolekar °

Abstract - In this paper, we present in-depth analysis of the
classical double inverted pendulum (DIP) system using the
DIP modeling and the pole placement approach to control it.
The double inverted pendulum system has the characteristics
of multiple variables, non-linear, absolute instability; it can
reflect many key issues in the progress of control, such as
stabilization, non-linear and robust problems etc. DIP model is
a simplified model of the anterior-posterior motion of a
standing human. DIP has four equilibrium points (Down-Down,
Down-Up, Up-Down, Up-Up). The objective of this paper is to
keep the double pendulum in an Up-Up unstable equilibrium
point. Modeling is based on the Euler-Lagrange equations,
and the resulted non-linear model is linearized around Up-Up
position. The built of mathematical model of double inverted
pendulum plays a guiding role on the stability of the system.
The eigen-values of the system which are the poles of the
system have enormous influenced on stability and system
response. Pole placement is the control method which places
the poles at the desired position to control the system by
calculating gain matrix of the system. In this paper, the
performance of the pole placement method is analyzed by
MATLAB to control the double inverted pendulum.

Keywords : double inverted pendulum, linear time-
invariant system, pole placement method.

I. [NTRODUCTION

he study of humanoid robot is currently one of the
most exciting research projects. Even if some of
those works have already demonstrated very
reliable dynamic biped walking (Yamaguchi, Soga,
Inoue & Takanishi, 1999; Hirai, Hirose, Haikawa &
Takenaka, 1998; Nishiwaki, Sugihara, Kagami, Kanehiro,
Inaba & Inoue, 2000), we believe it is still important to
understand the mathematical theoretical background of
biped locomotion. In standing, it has become common
to consider the body as an (single\double\triple) inverted
pendulum pivoted at the ankles. Moreover, up ride of a
human shoulder is also considered as a motion of an
(single\double\ triple) inverted pendulum (Jadlovska,
2011; Jadlovskéa & Jadlovska, 2010).

An inverted pendulum system is a typically non-
linear, redundancy, uncertainty, strong coupling and
natural characteristics of instabilities. All these features
make it the ideal model of advanced control theory and
typical experiment platform of test control results. There

Author Department of Mathematics, Gujarat University,
Ahmedabad, Gujarat, India. E-mail : nitahshah@gmail.com

Author o . Amiraj College of Engineering & Technology, Sanana,
Ahmeadabad, Gujarat, India. E-mail : mahesh mca07@yahoo.com

are a number of different kinds of the inverted pendulum
systems presenting a variety of control challenges. The
most common types are the single inverted pendulum
on a cart (Ohsumi & Izumikawa, 1995; Astrom & Furuta,
2000). the double inverted pendulum on a cart (Zhong &
Rock, 2001), the double inverted pendulum with an
actuator at the first joint only (Pendubot) (Graichen &
Zeitz, 2005), the double inverted pendulum with an
actuator at the second joint only (Acrobot) (Hauser &
Murray, 1990), the light weight rotary pendulum
(Brockett & Hongyi, 2003).

In this paper, we have addressed the problem
of stability of double inverted pendulum in the upright
position using the pole placement method. For this, we
have assumed that the double inverted pendulum is
pivoted at the lower end of inner arm (see figure 1). The
first step to achieve the objective is to understand the
dynamics of the system of double inverted pendulum by
developing the mathematical modelling of the system. In
modelling, we have used Euler-Lagrange formulation to
find equation of motion. In the second step, we
linearized this non-linear system of double inverted
pendulum in the up-up position and builded up its linear
state space model. The linearization is one of the most
important issues for control of non-linear systems. There
are lots of studies in the literature regarding linearization
(Jordan, 2006; Wang, Chen & Zhou, 2000; Conga,
Wanga & Hill, 2005). In the next step, the stability and
controllability criteria showed that the system is unstable
but it is controllable.

To control this unstable system, we have
employed the pole placement method. In this method,
the poles are the eigen-values of linear state space
model and the calculated gain matrix places the poles
at desired position to stabilize a system. In the
simulation part of this paper, numerical and graphical
simulations for control task are given to show the
effectiveness of the proposed pole placement scheme.

II.  MATHEMATICAL MODELING OF Dip

In this section, we will describe mathematical
model necessary for stability and controllability analysis.
The mechanism of the double inverted pendulum is
shown in Figure 1 schematically. The mathematical
model of DIP can be derived using the Euler-Lagrange
equation. The form of the Euler-Lagrangian equation
used here is:
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Where L = 7 - Vis a Lagrangian, 7 is kinetic
energy, Vis potential energy, T = [t; 1,]" is

4

(1)

Figure 1. Double Inverted Pendulum

the input generalized force vector produced by two
actuators at the lower joint (ankle) and second at joint

between to arm (knee), 0 =[6, Hz]Tis generalized

coordinate vector where 6,and 0, are angular positions
of first arm, and second arm of the double pendulum.
The kinetic and potential energies in terms of
generalized coordinates can be determined as:

1 2 52
E(rnlll +|1)91 (2)

%[m2 (4I129'12 +41|, cosé, 919+I:92)+ Izé’;]

magl, cosé,
| mg(2, cosg, +1, cosd)

Differentiating the Lagrangian L = 7 — V by
generalized coordinate’s vector yields Euler-Lagrange
equation (1) as:

(3)

2 2
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The matrix form of the system is

2 2
mll1 + I1 + 4rT12I1 + 4mzlll2 00392 + mzl2
2
—2sz1|2 00592 - mzl2

a) Linearisation of the Systern

The tracking controller of DIP is designed using
the Gain Scheduling method based on the linearisation
of the system equations around certain equilibrium
points. In this paper, we linearize the system at the
vertical unstable equilibrium by taking.
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b) State space model for the above linear system

The state space model equation for the systemis x=Ax+Bu (4)
y=Cx+Du
where M1 _m1L = = _| &
A=M "NB=M TC=I Ax 4 D Axd u .
10 0 0 - 0 0 1 0
0 1 0 0 0 0 0 1
2 2 | -08276 -1.4206 0 0
l5+1, +4m,|
M=[g o 1171 ”‘221 —2myl, - m,|2 41012 21247 0 0O
+4rT12I1I2 + mzl 5 0 0
2 2
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0 o o0 1 -0.0908 -0.1775
N = (nh+2mz)gll+ ngl2 —ngl2 00 [1I.  STABILITY AND CONTROLLABILITY OF
SYSTEM
L —mydl, mydl, 0 0_ a) Stability Criterion

0 0 0,
0 0 0
T: ;X: _2
10 6,
01 0

c) \Values of Parameters
The values of parameters for the given double
inverted pendulum are assumed as follows:
m, = mass of inner arm = 0.4 kg
m, = mass of outer arm = 0.5 kg

l; = length of innerarm = 5m
l, = length of outer arm = 5m
g = gravitational acceleration = 9.8 m/s?

So the corresponding values of state space matrices are
as follows:

A system (state space representation) is stable
iff all the eigenvalues of the matrix A are inside the unit

circle.
The eigen value of A of our system are: 0.0000

+ 1.9939i, 0.0000 - 1.9939i,-1.0115, 1.0115 which are
outside the unit circle because the modules of eigen
values are greater than 1. So the system is unstable in
absence of input force (t,= 0, 1, 0).

b) Controllability criterion

A system (state space representation) is
controllable iff the controllable matrix C = [BABA®B ....
A™B] has rank n where n is the number of degrees of
freedom of the system.

In our system, the controllable matrix C = [B AB
A’B A®B] has rank 4 which the degree of freedom of the
system. So, the system is controllable.

If the system is controllable, then all set of
distinct closed loop poles are assigned arbitrarily by
output feedback gain (Kimura, 1975; Kimura, 1977;
Wonham, 1967).
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IV.  POLE PLACEMENT

Block diagram of pole placement is given in Fig.
2. If the linearized system considered is completely state
controllable, then poles of the closed-loop system may
be placed at any desired locations by means of state
feedback through an appropriate state feedback gain
matrix K.

Linearized
r + X
pu— u syge[n (: v >
X = Ax+ Bu

Gain matrix P
K

Figure 2 . Block Diagram of Pole Placement

In this paper, we have used the following
method to calculate state feedback gain matrix:

Pole placement with output feedback is
displayed in Figure 2. In this paper, the reference signal,
r, is taken zero. If an output feedback control

u=—-Kx

is applied to (4), the closed-loop system becomes
x=(A-KB)x

The poles assigned with output feedback are 4
= {4, A, Ag,..., An}. The problem considered in this
paper is finding gain matrix Kfor transferring the poles.

a) Gain Matrix Scheduling

Consider the controllability matrix C = [B AB
A’B .... A"'B] which is an xpn order matrix. If the
system is controllable, then the rank(C) = n. That
means, it has only » linearly independent columns
among the pn columns. Therefore, there will be many
ways to construct an n.xn similarity matrix which will give
a multi-input controllable canonical form. In this paper,
we use the following way:
Consider controllable matrix in 77 block as follows:

C=[h b, iAb - Ab iiA”h - A ]

Block 0 Block1 Block n—1

Starting from the left in, this matrix, check each
column, keeping count of the number of linearly
independent columns we encounter. We may stop
counting when n linearly independent columns are
obtained.

Let the block in which we find the /ast (i.e., the
rth) linearly independent column be denoted by the (u-
1) block. Then the first block in which there are no more
independent columns will be the u™ block. This u is
controllability index.
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Rearranging these selected n linearly
independent  columns  b;, Db,..b, Ab,, Ab,
“ b, we will get the invertible matrix M as:

M =[bl---Aﬂl‘lblsbz---A”Z‘lbzs---sz---A”P‘lbp]
Where v, (1< / <

(A,B).
The inverse of M is

p) are the controllability indices of

Using this inverse matrix of M, calculate transformation
matrix T as follows:

Using transfer matrix T, transferring of the matrix A and
B are,

A=T'AT,B=TB

Using desired poles {1, 4, 4s,..., 4.}, the transferred
canonical form of the system is



0 1 0 0 0 0 0 0 0 ]
0 1 0 0 0 0 0
O 0 O 1 0 0 0 0 00 0 - O
-a, —a, —0 -a, 0 0 O 0 O 0 0 -~ 0
0 0 0 0 0 1 o0 0 0 00 - O
0 0 O 0 0o 0 1 0 0 0 0 - 0
ATBR=l 9 0 0 0 O 0 o 1 0
0 0 0 0 B B, B - B, 0 0 0
0 0 O 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 O 0 0 0 0 0 0 0 O 1
0 0 O 0 0 0 0 0 N V2 s Y
i or
~ . -
0
A—BK =
o o0 O 1
__aO _al _aZ _an—l -

Solving above matrix equation we will get gain matrix K.

b) Calculation of gain matrix V.  SIMULATION
Applying above method, for the desired pole

0.1,-0.1, 0.1/ 0.1/ the gain matrix is In absence of the input forces, the angles and

their velocities increase rapidly which make the system
{ 93.8377 -24.8771 0 0} unstable (see figure 3).

-24.1188 243614 0 O

1000 ! ! ! ! ! ! ! ! !

Thetal

2000 , : ; : : ! ; , :
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z o . : : : - : i AT N
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s 0 f ; : ; : : L - et el
= 1000 i i i j i ; i : ;
0 1 2 3 4 5 B 7 g 9 10
Time
P
= 4 —
£ oo i i i i ; i : ; ;
0 1 2 3 4 5 B 7 B 5 10

Tirme

Figure 3 . Uncontrolled System
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By giving input force with measurement of gain matrix, the angles and their velocities will be slow down
which make the system stable at the desired equilibrium place (see figurer 4) .

Thetal

Theta?

Wel of T1

Wal of T2

Figure 4 Control System

VI.  CONCLUSION

This study aims to understand what causes
humanoids to fall, and what can be done to avoid it.
Disturbances and modelling error are possible
contributors to falling. For small disturbances in the walk
of humanoid robot, it is simply behaving like a double
inverted pendulum. So the results of this paper will be
used in the development of the humanoid robot.
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