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Abstract- This research is based on the study of the deflection response of a structural circular sandwich
plate, simply supported or clamped at its boundary, under different loading configurations (uniformly
distributed, concentrated, and linearly varying load). The non-linear governing differential equation of the
plate was solved using an Analytical method, Variational lteration Method (VIM), after which the Finite
Element Method (FEM) was used to validate its accuracy. Results showed a significantly higher deflection
value for the simply supported plate compared to the clamped plate for all the various loading
configurations, where a sandwich plate of radius 100mm under clamped conditions generated deflection
of 0.05mm when exposed to a uniform load while a deflection of 0.25mm for simply supported condition.
The concentrated load was also discovered to have a major effect on the body of the sandwich plate as it
was seen to generate the highest deflection among all loading configurations regardless of its boundary
conditions where a simply supported condition with a point load had a high deflection amounting to
2.7mm.
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Deflection Response of Structural Circular
Sandwich Plates Subject to Uniform,
Concentrated and Linearly Varying Load

Obanishola. M. Sadig® & Ayotomiwa O. Salau®

Abstract- This research is based on the study of the deflection
response of a structural circular sandwich plate, simply
supported or clamped at its boundary, under different loading
configurations  (uniformly distributed, concentrated, and
linearly varying load). The non-linear governing differential
equation of the plate was solved using an Analytical method,
Variational lferation Method (VIM), after which the Finite Elernent
Method (FEM) was used to validate its accuracy. Results
showed a significantly higher deflection value for the simply
supported plate compared to the clamped plate for all the
various loading configurations, where a sandwich plate of
radius 100mm under clamped conditions generated deflection
of 0.0smm when exposed to a uniform load while a deflection
of 0.25mm for simply supported condition. The concentrated
load was also discovered to have a major effect on the body
of the sandwich plate as it was seen to generate the highest
deflection among all loading configurations regardless of its
boundary conditions where a simply supported condition with
a point load had a high deflection amounting to 2.1mm. The
linearly varying load caused a slight shift in the deflection from
the center of the plate, it showed a higher deflection for the
simply supported compared to the clamped, at 0.3mm to
0.06mm for both supports respectively. Generally, sandwich
plates tend to have a relatively higher deflection compared to
its monolithic counterpart but compensate by having high
strength to weight ratio and being economical which makes
them more suitable for medium to lightweight structures.

Keywords. sandwich plate, circular plate, deflection,
variational iteration method, finite element method,

analytical method, numerical method.
[. [NTRODUCTION

andwich construction has been used in many
Searlier circumstances, one of the earliest notable

application of sandwich panels was in Second
World War, incorporated into the construction of the
‘Mosquito” aircraft, also, its use, particularly the
clamped sandwich plates is seen in the design of
commercial and military vehicle for both land and sea,
for example, the outermost structure on a ship
comprises of plates welded to an array of stiffener,
sandwich plates are more preferred to monolithic solid
plate in shipbuilding because of its high quasi strength,
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over time its use has been seen in other industries
ranging from the space industry, civil engineering, radio
electronics, and other sectors of the nation economy
(Allen, 1969). Further recent applications can also be
seen ranging from Blast resistant door, External
cladding, Machine covering, Walls of temporary
structures, Signage, Building partitions.

Structurally, it basically consists of two face-
sheets made of high-strength material which may be
isotropic or anisotropic and a core made of relatively
flexible, less dense material. The core ensures the
operation and stability of the plate. The face-sheet can
be made of metal or composite materials and the core
can be made of reinforced and unreinforced foamed
plastics, rubber, balsa, metal in the form of corrugated
sheet, cellular elements, etc.

(Zadeh & Masoud, 2017) investigated the
bending analysis of a circular sandwich plate under
distributed loads with both simply supported and
clamped boundary conditions, the governing equations
of the circular sandwich plate are obtained and solved
using the Bessel functions, validated using the finite
element method. The results indicated that under
distributed load, maximum deflection happens at 0.3 of
outside radius, away from the centre, and minimum
deflection occurs at the outer edge of the circular
sandwich plate. The results from analytical and
numerical methods are compared and it shows that the
analytical method provides acceptable accuracy. (Fleck
& Deshpande, 2004) proposed an analytical model for
the dynamic response of clamped sandwich beams to
shock loadings including the effects of fluid-structure
interaction, this loading represents shock loading in air.
The analytical formulas are used to determine the
optimal designs of sandwich plates that maximize shock
resistance in the air for a given mass and the
performance gain of these optimal sandwich plates.

This paper focuses on the deflection behaviour
exhibited by circular sandwich plates under three basic
loading conditions (Uniform, Concentrated and Linearly
Varying load) whose boundary conditions are simply
supported and clamped. This was done using an
analytical solution, Variational lteration method, to solve
the governing nonlinear differential equation of a circular
sandwich plate derived by Ren-huai, (1980) while using
the Finite element method to validate the solution.
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DEFLECTION RESPONSE OF STRUCTURAL CIRCULAR SANDWICH PLATES SUBJECT TO UNIFORM, CONCENTRATED AND
LINEARLY VARYING LOAD

ANALYSIS

Figure 1: A Sandwich Circular plate with metal face-sheet and soft foam core
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Figure 2: Schematics of Sandwich Circular plate a) Side view b) Top view
h, = 5mm, h, = Tmm, g, = 100KN/m, a = 100mm

Table 1. Mechanical properties of the face-sheet and Core

(Polyester resin/glass fibres)
Face-sheet 0.3 5500 M450 Shell
Core 0.41 896 (Polypropylene) Core

a) Loading Parameters
Uniformly Distributed = gq
Point Load = — gq. 2 1r

qo-r
2a
b) Analytical solution (Variationa/ Iteration Method)

The deflection function for both the simply
supported and clamped sandwich circular plates were
derived from the nonlinear governing differential
equation modelled by Ren-huai (1980) for a circular

fw ppdw  dw 2 do dw g
dr3 dr? r.dr D “dr dr

Linearly Varying load = °

Gh r (dr3
- 57547 =0
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sandwich plate, stated in expression (1). It was done
using the analytical solution. Variational Iteration
Method, which is an iterative method for solving the
nonlinear equations of an engineering system by
rewriting the given nonlinear equation as a system of
coupled equations, it is capable of reducing the size of
many calculations and it also gives rapid convergent
successive approximations of the exact solution (He,
2005). It was executed using MAPLE (a computational
software).

2
do dw 4o
r+ dr dr3 r+2r( alr2

drr dr



do 1 o 1 do dw\2 _
do 1 Lo L doy Lpidey’_ .. (1b)
Having the boundary conditions as follows
Atr=0,andatr=a
Sw=0:5u=08p=0 . (2)
We introduced two different initial trial functions for both expressions (1a & 1b)
wo = w(0) + £w'(0) .. (3)
= (0)+ 5¢'(0) - (4)
A=w(0), ¢(0), B=w (0), ¢ (0). - ()
The Lagrangian multiplier for optimization,
1 2
~Ls—r) ... (6)
Consider a general nonlinear system such as,
L{u()]+N [u(x)] = y(x) - (D)
Its correction function takes the form
Upey (¥) = g (X) + TA(8) [LLug()] + N[ug(s)] = w(s)]ds .. (8)
0

Applying the above function to the nonlinear expression in (1) to obtain its correctional function,
r 3 2
W =W, (r)+In ((%w(s))s + (dis2 w(s)) —1 ((%w(s)))
0
400) (Ev)+ g - ((F00)) (@we)s

@(s))( 10(5)) s+ (25 (W) - (4w) ) (£ 0(s))

L0()) (Lw(s)) - T5q57)ds 0
P cp,,(r)m(( 09) + 1 (500) - £ (£06))) ..(10)

Substituting the value of w0 and @O into the correctional function (9) & (10) and iterating each time to
improve the accuracy with due consideration of the Lagrangian optimization function, the value of ¢ is looped into w
to get the first iteration indicated as W1 below

Lop  l(E +12),5 11
Wi=A+Lr B+( +4Dfr+4(r(—p 2D/)

1( 1.2 e
+3(—2r (_D 2D, B) 4B

L2p+l (B +12Y),54+1 2B° 14 )L 1B) 4
Wy=A+1Lr B+( Rt r+4(r(— D,-_ZD/»)—'— )r
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iterations steps

1 3 J.3 —L
+( (_ D, 2D, B) + B+120D,

L2pil (& +12),54+1 2B° 14 ), 1BY),4
Wy=A+4ir B+( -+t r+4(r(—Df—2Df)+ )r

1 1,2 1,3 L 2
+3(—2r( Df 2Df B)’"+ B+00f

_.LZ.LﬂL.I._‘LS.L 2B° 149 )L 1BY),4
Wi=A + B+( T r+4(r(—Df—2Df)+ )r

1l 1,2 .].3 L 4o
Jr3(_2’"( Df 2Df B) + B+400f

Lo2p 1B +1a),541 28 L1421 1BY),4
Ws=A+5r7B + ( +it Pt (r(- Df_ZDf)+ )r

1 3 .].3 L
+( (_D, 2D, B) * B+3OD,

(1)

The iteration is repeated five times to get an accurate value of the w, a cumulative sum is applied to the

n+1

w= 3 W]
j=0

the expression for w is gotten as,

w:=3r2B+6A+i(r(—2‘D&;—l-q- +14 4+i( (—

2D, 2Df

5
73+ 23 B la L L& 1L L -
+FB+( , Tup, )T v , Tup, r+120f

Where the value of Df is substituted in eq. (13)

2

Dy =555

Substituting the values of g for the uniform loading conditions as stated in loading parameters,
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Applying simply supported boundary conditions with uniform distributed loading, where

w =3 r2B +6 A+ (2.96494555 x10~° B* +0.00007412363638) r° +

2 (r(~5.929890910 x 10”7 B> —0.0001482472728) + 4 £) 74 +
2 (— 112 (~5.929890910 x 10B* —0.000148247278) — B) r* +

% 3B +0.00002470787879 r?

w=0, L&=0atr=1

.. (12)

-5)

.. (13)

. (14)

.. (15)



This resolves the value of constants A and B

{4 =0.00004849276213, B = —0.0001022394985},

{4=73.479371193 x10%, B= —7.335716713x10%}

... (16)

Substituting value of A & B in w, we get the deflection function for a simply supported, ws

wyi=—0.0003067184955r2 +0.0002909565728 +2 (—0.0001482472728y — LOMSLLIITNS ) /4 +

-;- (0.000074123636407* +0.0001022394985) * — 0.00012779937317% + 0.00009883151517r° . (17)

* From (15), Applying clamped support boundary conditions with uniform distributed loading, where

w=0,

w =

{4 = 0.000008779843721, B = —0.00002797118353},

{4 =18.416399911x10%, B =—2.681330934x10%}

.. (18)

Substituting the value of A & B in w, we get the deflection function for a clamped support, wc

wei= —0.0000839135505972 +0.00005267906233 +2 (—0.0001482472728y — LLUOIBEINIG ) /4 +

% (0.00007412363640r> +0.00002797118353) 3 — 0.0000349639794 13 + 0.00009883151517r°

Expression (17) and (19) represents the
deflection functions for the circular sandwich plate on
simply supported and clamped support conditions
respectively under a uniform loading.

The deflection functions for point load and
linearly varying loading conditions with each boundary
conditions (simply supported and clamped) were also
derived and the functions are plotted accordingly to get
a visual representation of the deflection response across
the symmetric half-length of the sandwich circular plate.
The plots are shown in Figure 4 -10.

c) Finite Element Method
Here the finite element solution has been
implemented using ABAQUS to verify the accuracy of

... (19)

the analytical method. The sandwich plate was
modelled in parts based on the three different layers
using 3D deformable solid extrusion, for both the core
and the face-sheets, C3D8R, an 8 node linear brick
element with reduced integration and hourglass control
was applied, and parts were assembled under a tie
constraint where the corresponding nodes of

connecting layers are joined while considering the
surface to surface interaction between the individual
parts.
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Figure 3: Loading configuration on the Sandwich Circular Plate. a) Concentrated load b) Linearly varying load
¢) Uniform load

A full model of the plate was used in the
analysis, with an element size of about 0.0010 and
different loading conditions of Uniform load, Point load
and Linearly-varying load acting under boundary
conditions of both clamped and simply supported for
each loading configuration. The deflection responses
under each loading conditions with the corresponding
support conditions was measured and the result
compared with the analytical model.

[11. RESULT DiscussioN

The resulting plots below showed the deflection
behavior across the symmetric half-length of the plate, it
showed the deflection curve of half the sandwich plate
starting from the edge of the plate to the center at origin,
under which a Clamped and simply supported boundary
is considered for the plate as seen in the figures below.
The curve for the Clamped boundary showed a slight
tangent relationship with the x-axis indicating a dip
before rising to its peak at the center of the plate, this
was due to the moment generated due to its Clamped

0000057
000004+
0.00003
0000021

0.00001

04 0o 08 1

»

a)

boundary conditions whereas simply supported showed
a straight rise from the x-axis to its peak at the center of
the plate, unlike the Clamped, there was no dip in the
curve indicating the absence of moment at the
boundary conditions, the curve for the simple support
was quite steeper than of the Clamped support.

The shapes of the plot were quite similar to
each other, point load is a form of uniform load only that
it's concentrated at the center making a more visible
impact on the plate, visual representation of this was
seen in the finite element model. The clamped support
generally showed a lower maximum deflection
compared to the simple support, this was due to the
moment resistance encountered by the load at the
support as a result of its Clamped nature ensuring
rigidity.

0.000254
0.00020+
0.000154
0.00010+

0.00005 4

o4 06 038 1

b)

Figure 4: Analytical solution (VIM) deflection plot for Uniform load under a) Clamped support b) Simply supported
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Figure 5: 3D Finite Element deflection plot for Uniform load under a) Clamped support b) Simply supported

The Uniformly distributed load generates a maximum deflection for the Clamped support at a max value of

0.05mm while a higher max deflection value for the simple support at 0.25mm.
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Figure 6. Analytical (VIM) deflection plot for concentrated load under a) Clamped support b) Simply supported
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Figure 7: 3D Finite Element deflection plot for concentrated load under a) Clamped support b) Simply supported

The equivalent Point load shows a higher value
of the maximum deflection of 0.28mm and 2.1mm
across the length of the plate for both Clamped and
simply supported conditions respectively but it gives a
higher value for the simply supported compared to the
Clamped of which reason is due to the focus of the load

at the center of the plate whilst all other factors remain
constant, figure 9 shows the finite element illustration of
the deflection behavior in colour variation across the

elemental

planar face of the plate

indicating the

deflection, there was a correlation in values from both

method indicating accuracy of results.
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Figure 8: Analytical (VIM) deflection plot for linearly varying load under a) Clamped support b) Simply supported
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Figure 9: 3D Finite Element deflection plot for linearly varying load under a) Clamped support b) Simply supported

The Linearly varying load-deflection curve the plate, this is a common behaviour of a member
shows a rising deflection plot but a slight shift from the loaded with linearly varying load, the loading values. It
center of the plate, the analytical method could not showed a higher deflection for the simply supported
visually represent this phenomena but the 3D plot show compared to the Clamped, at 0.3mm to 0.06mm for
a shift in maximum deflection away from the center of  both supports respectively.
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000025
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0000154 W 00010
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0000104
00005+
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o
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a) b)

Figure 10: Combined Analytical (VIM) deflection plot for the different loading conditions with a) Clamped support
b) Simply supported
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Upon combining the deflection plot of the three
required loading conditions, it was observed that overall
the point load had the highest value of deflection at a
max of 0.28mm for Clamped support and 2.1mm for

[x1.E-3]

simply supported, the curve for the point load shows a
steeper gradient compared to the remaining load types,
but both possess similar curve structure as regards its
boundary conditions.
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Figure 11: Variation of the thickness of the facesheet to core in the ratio 1:2 & 1:4 under clamped condition
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Figure 11 represents the deflection behaviour of
the circular sandwich plate when the thickness of the
facesheet to the core is assembled in the ratio 1:2 and
1:4 i.e. the thickness of the core is 2x and 4x the
thickness of the a facesheet for each respective loading
conditions, The respective loading conditions being
applied to the surface of the plate include uniform, point
and linearly varying load. This was done assuming the
boundary conditions are Clamped.

The uniform load deflection curve for both
thickness ratios show a difference in the magnitude of
each respective deflections, the plate with the thickness
ratio of 1:2 for facesheet to core shows a higher
deflection compared to that of ratio 1:4. In subsequent
variations of the loading, with point load in focus, similar
symmetrical behaviour is seen in the deflection disparity
of both thickness ratios, a steeper curve is seen here as
corroborated by analytical method figure 8 with the plate
of ratio 1:4 for facesheet to core having a lower
deflection compared to that of ratio 1:2. One common
trend seen in the plot for the point load and uniform load
is that they both have their max deflection at the center
of the plate, but the case is slightly different for the
linearly varying load.

The linearly varying load experiences maximum
deflection slightly away from the center of the plate as
can be seen in 3D plot in finite element plots, the
deflection curve shows a steeper gradient on the side of
the plate with the larger load magnitude while a less
steeper gradient on that of the lower load magnitude,
this is seen in both variations of the thickness ratios, with
thickness ratio of 1:4 having a lower deflection
compared to that of 1:2.

Overall, an inverse relationship is seen between
the thickness ratio and deflection of the sandwich
circular plate, when the core was twice the size of the
facesheet, a larger deflection was obtained while when
the core was four times the size of the facesheet, a
lesser deflection was obtained. This means a substantial
increase in the thickness of the core in relation to the
facesheet leads to a lower deflection.

IV. CONCLUSION

From the study, it can be concluded that simply
supported sandwich circular plate generally experienced
a higher deflection compared to the Clamped supported
when placed under the various loading types
considered in this research, this is due to the rigid end
of a Clamped support which generates a moment to
resist the bending as a result of the load. On the other
hand, a Point load on a sandwich plate generates a
larger deflection compared to that of uniform load and a
linearly varying load, this is as a result of the load
magnitude concentrated at the centre of the plate
causing a focused effect as seen in both the analytical
method and the Finite Element Method. A sandwich

© 2021 Global Journals

plate is quite susceptible to a point load, making it not
entirely suited from that kind of loading configuration, a
linearly varying load causes a slight deviation of the
deflection of the sandwich plate from its centre, this
would likely result in a strain on one support end
compared to the other. Applications of Sandwich plates
can be seen in shipbuilding, staircase landing
constructions, walls, and platforms as well, offering
space savings and high accuracy resulting in reduced
straightening work and rapidly constructed housing
using steel sandwich modules.
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