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Abstract7

At the article ”Orthogonal curved coordinate system and forming the surfaces on trapezium8

plans” [1] there is given the method of forming of the orthogonal curved coordinate system at9

the plane and the methodic of forming of the new forms of the surfaces on the given10

trapezium curved plans. At the article there are given many pictures of the trapezium curved11

plans on the base of the different directrix curves and the figures of the surfaces on the given12

trapezium curved plans and the combinations of the surfaces with conjugated different13

directrix. The given methodic of the forming of the surfaces may be used in architecture and14

building for development of thin-walled space constructions in urban and industry building.15

But for calculation of stress-strain state of thin shell usually there are used the geometrical16

characteristics of the middle surface of the shell. At this state on the base of the vector17

equation of the surfaces on the trapezium curved plans there are received the formulas of the18

coefficients of the fundamental forms and of the curvatures of the surfaces. There are given19

the examples of the surfaces and there are received the formulas of the coefficients of the20

fundamental forms and curvatures of the surfaces with concrete directrix and functions of21

vertical coordinates of the surface.Keywords: plane curve, orthogonal curved coordinate22

system at the plane, trapezium-curved plan, vector equation of the surface at the trapezium23

curved plans, geometrical coefficients of the fundamental forms of the surface, curvatures of24

the surface.25

26

Index terms— plane curve, orthogonal curved coordinate system at the plane, trapezium-curved plan,27

1 Introduction28

quation of the surface on the trapezium-curved plan, coefficients of quadratic forms of the surface.29
The orthogonal curved system of coordinates at the plane there is formed by the system of the straight lines30

orthogonal to the plane base curve ( ) ( ) ( )j i r u y u x u + = 0 (Fig. 1).31
So, the curved-orthogonal coordinates there are organized by the system of the equidistant curves parallel to32

the based curve and the system of the straight lines orthogonal to the system of the equidistant curves.33
The equation of the curved coordinate system( ) ( ) v u v , u ? ? = 0 r r ,(1)34
? is a normal to the base curve, v is the coordinate of the generating curves along the normal to the base35

curve.36
The positive direction of the coordinate of straight lines there is taken to the side of the convexity of the base37

curve, because in the direction of the concavity the straight lines may to cross.38
Assigning some function of vertical coordinate z(u,v), we receive the vector equation of the surface ( ) v , u ?39

on the base curved-orthogonal coordinate system at the plane( ) ( ) ( )k r v , u z v u v , u + ? = ? 0 ? . (2)40
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2 COEFFICIENTS OF THE FUNDAMENTAL FORMS:

For deduction the formulas of the coefficients it’s necessary to receive the derivatives of the vector equation41
and to use the formulas of the classic differential geometry [2];? s? = ? 0 r ; 0 r? = ? s ; ? ? s k k s = ? = ? ?42
; k s k s ? = ; ? s k ? = ? ? . (3)43

Then receive:44
( ) The coefficients of the first fundamental forms:k u s u z vk s + + ? = ? ? ; k v v z + ? = ? ? . (4)( ) ( )45

2 2 u s u u z vk s E + + ? = = ? ? ; ( ) 2 1 v v v z G + = = ? ? ; ( ) v u v v z z F = = ? ? . (5)46
The unit normal vector of the surface( ) ( )( ) ( ) k m + + ? ? ? = × ? = ? ? ? ? v s u v ? z vk s z 1 1 ,(6)(47

) ( ) ( ) 2 2 2 2 1 u v s v ? z z vk s F EG + + + ? = × = ? = ? ? ? is a discriminant of the surface.48
The second derivatives of the equation:( ) ( ) k uu s s s uu z k vk s k v s + + ? + ? + ? ? = ? ? ? ; k uv s49

uv z k + = ? ? ; k vv vv z = ? . (7)50
The coefficients of the second fundamental form:( ) ( ) ( ) ( ) ? + ? ? + ? + ? + ? ? = = uu s v s s u s uu z51

vk s z k vk s z k v s L 2 m ? ; ( ) ( ) ? + ? = = vv s vv z vk s N m ? ; ( ) ( ) ? + ? ? ? = = uv s s u uv z vk s52
k z M m ? . (8)53

The curvatures of the surface:( ) ( ) ( ) ( ) [ ] 2 2 2 u s uu s v s s u s u z vk s z vk s z k vk s z k v s E L k +54
+ ? ? + ? ? + ? + ? + ? ? = = ; ( ) ( ) 2 1 v vv s v z z vk s G N k + ? + ? = = ; ( ) ( ) [ ] ( ) 2 2 2 1 v u s55
vv s s u uv z z vk s z vk s k z EG M k + + + ? ? + ? ? ? = = . (9)56

The coordinate system of the investigated surfaces isn’t orthogonal and isn’t conjugated in common, as the57
coefficients 0 ? M , F and the coordinate system of the surfaces isn’t the lines of principle curvatures of the58
surface.59

The investigated system of the surfaces is related to the class of normal surfaces [4][5][6] -the surfaces with60
the system of plane coordinate lines (generating curves) at the normal plane of the directrix curve. At the works61
[4,5] there was shown, that only for two kinds of normal surfaces the system of generating curves is the system62
of principle curvatures: 1-surfaces of rotation -directrix is a straight line, generating lines are circles; 2 -normal63
surfaces with the system of nonchanged generating curve. This type of surfaces is related to the Monge’s surfaces64
[5,[7][8][9][10].65

If z=z(v) -the generating curve doesn’t change during moving in normal plane of the directrix (z u =z uu =0),66
there will be received the Monge’s surfaces:( ) 2 s vk s E + ? = ; ( ) 2 1 v v v z G + = = ? ? ; 0 = F ; ( ) 2 1 v67
s z vk s + + ? = ? ; ( ) 2 1 v v s s z z k vk s L + + ? = ; 2 1 v vv z z N + = ; 0 = M ; ( ) 2 1 1 v s v s z vk s z68
k k + + ? == ; ( ) 2 3 2 2 1 / v vv z z k + = . (10)69

The coordinate system of the Monge’s surfaces is lines of principle curvatures of the surface.70
If the generating curve will be a straight line ? = vtg z (? is an angle of slope of generating strait line to71

the plane of base curve), then there will be received the torus surface of constant slope [10][11][12]. Then we’ll72
receive:? = tg z v ; 0 = vv z ; ? = + 2 2 1 1 cos z v ; ? + ? = ? cos vk s s ; ( ) 2 s vk s E + ? = ; ? = 2 1 cos73
G ; ( ) ? + ? = sin k vk s L s s ; N=0; s v s vk s sin z k k + ? ? == 1 ; k 2 =0. (11)74

If the angle of slope of the generating strait line ?=0, z=0, then will be received the trapezium-curved plate:(75
)2s vk s E + ? = ; 1 = G ; L=N=0; k 1 =k 2 =0. (12)76

The geometric characteristics of surfaces with concrete directrix and generating curves will be received on the77
base of the common formulas of coefficient of the surfaces on trapezium-curved plans (3)(4)(5)(6)(7)(8)(9)(10)(11).78
On the fig. 2 there is shown the surface with ellipse as directrix and generating sine with linier change of its79
amplitude:( ) ( ) ( )j i r u Y u X u + = 0 ; ( ) u cos a u X = ; ( ) u sin b u Y = ; ( ) d v sin u c v , u z ? ? = 2 ;80
? ÷ = 2 0 u ; d v ÷ = 081

, c is maximum amplitude of sine curve; d is the width of trapezium curved plan.82
Determine parameters of the directrix ellipse and derivatives of generative curve: ? = ? + ? = ? a Y X s 2 283

; u cos u sin 2 2 2 ? + = ? ; a b = ? ; ? ?? = ? ? 2 a s ; ( ) u sin 2 1 2 ? + = ?? ; 2 3 3 / a s Y X Y X k ? ? =84
? ? ? ? ? ? ? ? = ; ? ? = ? = k s k s ; ( ) 2 2 2 2 1 ? ? + ? ? = ?? ? ? ? = ? u sin k s ; d v sin c z u ? ? = 285
; 0 = uu z ; d v cos d c z uv ? = 2 ; d v cos u d c z v ? = 2 ; d v sin u d c z vv ? ? ? = 2 2 .86

2 Coefficients of the fundamental forms:87

v sin c v a E ? ? + ? ? ? ? ? ? ? ? ? ? + ? = 2 2 2 2 4 ; d v cos u d c G ? + = 2 2 2 2 4 1 ; d v sin u d c F ? ?88
= 2 8 2 ; d v sin c d v cos u d c v a ? ? + ? ? ? ? ? ? ? ? ? + ? ? ? ? ? ? ? ? ? ? + ? = ? 2 2 2 2 2 2 2 2 4 489
1 - ( ) ? ? µ ? ? ? ? ? ? ? ? ? ? ? + ? + ? ? ? ? ? ? ? ? ? ? ? + ? ? + = = 2 2 2 2 1 2 2 2 d v cos u d v a d90
v sin u sin v u sin a c L s uu m ? ; ? ? ? ? ? ? ? ? ? ? ? ? + ? ? ? = d v sin u v a d c N 2 2 ; ? ? ? ? ? ? ? ?91
? ? ? ? + ? + ? ? ? ? ? = 2 1 1 d v cos v a d d v sin c M . (12)92

On the fig. 2 there is shown the Monge’s surface with evolvent of the circle as directrix:93
( ) ( ) u sin u u cos a u X + = ; ( ) ( ) u cos u u sin a u Y ? =d v cos d b G v v 2 2 2 1 + = = ? ? ; ( ) d v94

cos d b v au 2 2 2 1 + + = ? ; ( ) d v cos d b d d v cos v au b L 2 2 2 1 + + = ; d v cos d b d d v sin b N 2 2 295
2 1 + ? = ; ( ) d v cos d b v au d d v cos b k 2 2 2 1 1 + + == ; 2 3 2 2 2 2 2 1 / d v cos d b d d v sin b k ? ?96
? ? ? ? ? ? + ? = . (13)97

On fig. 4 there is shown the torus surface of constant slope with Bernoulli’s lemniscate as directrix:( ) ( ) u98
cos u aR u X = ; ( ) ( ) u sin u aR u Y = ; ( ) u cos u R 2 2 = , ( )41 1 / u ? ÷ ? = . ( ) u R a s 2 = ? ; ( ) a u99
R k 2 3 = ; 3 = s k .100

The coefficients of fundamental forms and the curvatures of the surface:( ) 2 3 2 ? ? ? ? ? ? ? ? + = v u R101
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a E ; ? = 2 1 cos G ; ( ) ? ? ? ? ? ? ? ? ? + = sin v u R a L 3 2 3 ; ( ) ( )v u R a sin u R k 3 2 3 1 + ? = ; 0 2102
= k . (14)103

Let us consider the linier surfaces which aren’t surfaces of constant slope. On fig. ?? there are shone wavy104
linear surfaces with different directrix curves. ? + + ? ? ? ? ? ? ? ? + ? ? ? ? ? ? + = ? ( ) ( ) ( ) ? ? ? ? ?105
? ? ? ? ? ? ? ? ? ? + ? + ? ? ? ? ? ? + + = 1 2 2 2 2 2 2106

3 Conclusion107

The surfaces on the trapezium curved plans are formed by the moving of some generating curve at the normal108
plane of directrix curve. The generative curve may change its form when it is moving along the directrix, but has109
the constant wide of the plan. At the article there is received the vector equation of the surfaces on trapezium110
curved plans. On the base of the vector equation there are received the coefficients of the fundamental forms111
and the curvatures of the surfaces. If the function of vertical coordinates depends on coordinate parameter of112
the directrix (the form of generating curve changes at moving along the directrix), then the coordinate system of113
the surface isn’t orthogonal and isn’t conjugated. If along directrix there moving unchangeable curve then the114
coordinate lines of the surface are lines of principle curvatures and this type of surfaces is applied to the class115
of Monge’s surfaces [5,[7][8][9]. On the base of common formulas there are received the formulas of geometric116
characteristics of the Monge’s surfaces. If at the normal plane of the directrix there is moving a straight line with117
the constant slope to the directrix plane, then there will be received the torus surface of constant slope. Those118
type of surfaces belong to the class of Monge’s surfaces as well.119

On the base of common formulas of investigated class there are received the formulas of the surfaces and their120
geometric characteristics of the surfaces with concrete directrix and generating curves, as for surfaces of common121
type and so for Monge’s and surfaces of constant slope. The using of common formulas made more simple the122
proses for receiving formulas for concrete surfaces. For every investigated surface there are given their figures.123

Also there was investigated the type of wavy surfaces formed by the generating straight line which make124
oscillations at the normal plane of directrix. There are received the formulas of the geometric characteristics of125
this type of surfaces and given the figures of wavy line surfaces with some directrix lines.126

The figures of the surfaces were made with using of vector equations of the surfaces in the ”MathCad” system127
[5,13] 1 2 3
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Figure 1: Fig. 1 :
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Figure 2: Fig. 2 :
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4



Figure 4: b
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Figure 6: Fig. 3 :
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Figure 7: Fig. 4 :
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The generating straight line at its moving along directrix made a wavy motion at the normal plane of the129
directrix: a) ( ) ( ) The coefficients of the fundamental forms and curvatures of these surfaces are determined130
on common formulas (4-9) with using formulas (19) and the fact that N=0, k v =0. If to take cycloid as the131
directrix (fig. ??,d132
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