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Abstract- At the article “Orthogonal curved coordinate system 
and forming the surfaces on trapezium plans” [1] there is 
given the method of forming of the orthogonal curved 
coordinate system at the plane and the methodic of forming of 
the new forms of the surfaces on the given trapezium curved 
plans. At the article there are given many pictures of the 
trapezium curved plans on the base of the different directrix 
curves and the figures of the surfaces on the given trapezium 
curved plans and the combinations of the surfaces with 
conjugated different directrix. The given methodic of the 
forming of the surfaces may be used in architecture and 
building for development of thin-walled space constructions in 
urban and industry building. But for calculation of stress-strain 
state of thin shell usually there are used the geometrical 
characteristics of the middle surface of the shell. At this state 
on the base of the vector equation of the surfaces on the 
trapezium curved plans there are received the formulas of the 
coefficients of the fundamental forms and of the curvatures of 
the surfaces. There are given the examples of the surfaces 
and there are received the formulas of the coefficients of the 
fundamental forms and curvatures of the surfaces with 
concrete directrix and functions of vertical coordinates of the 
surface.      
Keywords: plane curve, orthogonal curved coordinate 
system at the plane, trapezium-curved plan, vector 
equation of the surface at the trapezium curved plans, 
geometrical coefficients of the fundamental forms of the 
surface, curvatures of the surface. 

I. Introduction 

quation of the surface on the trapezium-curved 
plan, coefficients of quadratic forms of the 
surface. 

The orthogonal curved system of coordinates at 
the plane there is formed by the system of the straight 
lines orthogonal to the plane base curve 
( ) ( ) ( ) jir uyuxu +=0  (Fig. 1).  

So, the curved-orthogonal coordinates there are  
organized by the system of  the equidistant curves 
parallel to the based curve and the system of the 
straight lines orthogonal to the system of the  
equidistant curves. 

The equation of the curved coordinate system 

( ) ( )  vuv,u ν−= 0rr ,                  (1) 

ν is a normal to the base curve,  v is the 
coordinate of the generating curves along the normal to 
the base curve. 

The positive direction of the coordinate of 
straight lines there is taken to the side of the convexity of 
the base curve, because in the direction of the concavity 
the straight lines may to cross.  

 
Assigning some function of vertical coordinate 

z(u,v), we receive the vector equation of the surface 
( )v,uρ  on the base curved-orthogonal coordinate 

system at the plane 

( ) ( ) ( )kr v,uz vuv,u +−= ν0ρ .     (2) 

For deduction the formulas of the coefficients 
it’s necessary to receive the derivatives of the vector 
equation and to use the formulas of the classic 
differential geometry [2]; 

τs′=′0r ;  0r ′=′s ;   νν skks =′=′τ ;  ksks ′= ;  τsk−=′ν .                                  (3) 

Then receive: 

( ) kusu zvks ++′= τρ ;       kvv z+−= νρ .                                              (4) 
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Fig. 1: Pseudo-polar coordinate system



The coefficients of the first fundamental forms: 

( ) ( ) 22
usuu zvksE ++′== ρρ ;   ( ) 21 vvv zG +== ρρ ;   ( ) vuvv zzF == ρρ .                 (5) 

The unit normal vector of the surface 

( ) ( )( )( )km ++′−
Σ

=×
Σ

= ντρρ vsuvг zvksz11
,                                   (6) 

( ) ( ) ( ) 2222 1 uvsvг zzvksFEG +++′=×=−=Σ ρρ  is a discriminant of the surface. 

The second derivatives of the equation: 

( ) ( ) kuusssuu zkvkskvs ++′+′+′′= ντρ ;     kuvsuv zk += τρ ;    kvvvv z=ρ .            (7) 

The coefficients of the second fundamental form: 

( ) ( ) ( ) ( )
Σ

+′−+′+′+′′
== uusvssus

uu
zvkszkvkszkvsL

2

mρ ; 

( ) ( )
Σ

+′
== vvs

vv
zvksN mρ ;    ( ) ( )

Σ
+′−−

== uvssu
uv

zvkskzM mρ .                   (8)    

The curvatures of the surface: 

( ) ( ) ( )
( )[ ]22

2

us

uusvssus
u zvks

zvkszkvkszkvs
E
Lk

++′Σ
+′−+′+′+′′

== ; 

( )
( )21 v

vvs
v z

zvks
G
Nk

+Σ
+′

== ;   
( )

( )[ ] ( )222 1 vus

vvssu
uv

zzvks

zvkskz
EG
Mk

+++′Σ

+′−−
== .                     (9) 

The coordinate system of the investigated 
surfaces isn’t orthogonal and isn’t conjugated in 
common, as the coefficients 0≠M,F  and the 
coordinate system of the surfaces isn’t the lines of 
principle curvatures of the surface.  

The investigated system of the surfaces is 
related to the class of normal surfaces [4-6] – the 
surfaces with the system of plane coordinate lines 
(generating curves) at the normal plane of the directrix 
curve. At the works [4, 5] there was shown, that only for 

two kinds of normal surfaces the system of generating 
curves is the system of principle curvatures: 1- surfaces 
of rotation – directrix is a straight line, generating lines 
are circles; 2 – normal surfaces with the system of non-
changed generating curve. This type of surfaces is 
related to the Monge’s surfaces [5, 7-10]. 

If z=z(v) – the generating curve doesn’t change 
during moving in normal plane of the directrix 
(zu=zuu=0),  there will be received the Monge’s 
surfaces: 

( )2svksE +′= ;   ( ) 21 vvv zG +== ρρ ;   0=F ;   ( ) 21 vs zvks ++′=Σ ; 

( )
21 v

vss

z

zkvksL
+

+′
= ;  

21 v

vv

z

zN
+

= ;    0=M ; 

( ) 21
1 vs

vs

zvks

zkk
++′

== ;    
( ) 2322
1

/
v

vv

z

zk
+

= .                                          (10) 

The coordinate system of the Monge’s surfaces 
is lines of principle curvatures of the surface. 

If the generating curve will be a straight line 
θ= vtgz  (θ is an angle of slope of generating strait line 

to the plane of base curve), then there will be received  
the torus surface of constant slope [10-12]. Then we’ll 
receive: 
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θ= tgzv ;  0=vvz ;  
θ

=+ 2
2 11

cos
zv ;  

θ
+′

=Σ
cos

vks s ; 

( )2svksE +′= ;   
θ

= 2
1

cos
G ;   ( ) θ+′= sinkvksL ss ;    N=0;   

s

vs

vks
sinzkk

+′
θ

==1 ;   k2=0.       (11) 

If the angle of slope of the generating strait line θ=0,  z=0, then will be received the trapezium- curved plate: 

( )2svksE +′= ;   1=G ;   L=N=0;    k1=k2=0.                                      (12) 

 
The geometric characteristics of surfaces with concrete directrix and generating curves will be received on 

the base of the common formulas of coefficient of the surfaces on trapezium-curved plans (3-11). On the fig. 2 there 
is shown the surface with ellipse as directrix and generating sine with linier change of its amplitude:  

( ) ( ) ( ) jir uYuXu +=0 ;  ( ) ucosauX = ;  ( ) usinbuY = ;  ( )
d
vsinucv,uz π

π
=

2
; 

π÷= 20u ;  dv ÷= 0 , 

c is maximum amplitude of sine curve; d is the width of trapezium curved plan. 
 
Determine parameters of the directrix ellipse and derivatives of generative curve: 

η=′+′=′ aYXs 22 ;  ucosusin 222 ε+=η ;   
a
b

=ε ;  
η
η′

=′′
2
as ;   ( ) usin 21 2ε+=η′ ; 

233 /as
YXYXk

η
ε

=
′

′′′−′′′
= ;  

η
ε

=′= ksks ;   ( ) 2
2

2
21

η
ε+ε−=η′

η
ε

−=′
usinks ;

 

d
vsinczu π

π
=

2
;  0=uuz ;  

d
vcos

d
czuv π=

2
;  

d
vcosu

d
czv π=

2
;  

d
vsinu

d
czvv π
π

−= 22
.
 

Coefficients of the fundamental forms:
 

 

Fig. 2:

 

Surface with

 

ellipse directrix

 

and sine generating curve  
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d
vsincvaE π

π
+








η
ε

+η= 2
2

22

4
;   

d
vcosu

d
cG π+= 22

2

2

4
1 ;    

d
vsinu

d
cF π
π

= 2
8

2
; 

d
vsinc

d
vcosu

d
cva π

π
+








π+








η
ε

+η=Σ 2
2

2
22

2

22

44
1  - 

( )
Σ

π
µ

ε








η
ε

+η+π










η
ε+

π
ε+

==
2

2
22

1
2

2

2

d
vcosu

d
va

d
vsinusinv

usin
a

cL s
uumρ ; 

Σ

π







η
ε

+η
π

−=
d
vsinuva

d
cN 22

;   
Σ

π







η
ε

+η+π
η
ε

π
−=

2

11
d
vcosva

dd
vsin

cM .        (12) 

 On the fig. 2 there is shown the Monge’s surface with evolvent of the circle as directrix:   

( ) ( )usinuucosauX += ;  ( ) ( )ucosuusinauY −=  and generating sine 
d
vsinbz = ; ( )π÷= 51u ;  

dv ÷= 0 ; 

 

b

 

is an

 

amplitude of the sine, d  is width of the sine (surface).

 

Parameters of directrix and generating curve:

 

aus =′ ;    as =′′ ;   
au

k 1
= ;  1=sk ;  0=′sk ;

 

d
vcos

d
bzv = ;   

d
vsin

d
bzvv 2−= .

 

Coefficients of the fundamental forms:

 

Fig. 3:

 

Evolvent-sine Monge’s surface
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( )2vauE += ;  ( )
d
vcos

d
bG vv

2
2

2
1+== ρρ ; ( )

d
vcos

d
bvau 2

2

2
1++=Σ ; 

( )

d
vcos

d
bd

d
vcosvaub

L
2

2

2
1+

+
= ;   

d
vcos

d
bd

d
vsinb

N
2

2

2
2 1+

−= ; 

( )
d
vcos

d
bvaud

d
vcosb

k
2

2

21

1++

== ; 23
2

2

2
2

2

1
/

d
vcos

d
bd

d
vsinb

k









+

−= .                    (13) 

On fig. 4 there is shown the torus surface of constant slope with  Bernoulli’s lemniscate as directrix: 

   

( ) ( ) ucosuaRuX = ;  ( ) ( ) usinuaRuY = ; 

( ) ucosuR 22= ,     ( ) 411 /u π÷−= . 

( )uR
as 2=′ ;  

( )
a
uRk

2
3

= ;  3=sk . 

The coefficients of fundamental forms and the curvatures of the surface: 

 ( )

2

32








+= v

uR
aE ;    

θ
= 2

1
cos

G ;    ( ) θ







+= sinv

uR
aL 323 ;    

( )
( )vuRa

sinuRk
32

31 +
θ

= ;   02 =k .   (14) 

Let us consider the linier surfaces which aren’t surfaces of constant slope. 
On fig. 5 there are shone wavy linear surfaces with different directrix curves.    

Fig. 4:

 

Lemniscate surface

 

of constant slope
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The generating straight line at its moving along directrix made a wavy motion at the normal plane of the 

directrix: a) ( ) ( )tucosdcvv,uz +=  or б) ( ) ( )tusindcvv,uz += , 
u

pt
∆
π

= ,  nk uuu −=∆  is a diapason of 

coordinate v=(un÷ uk); p is a number of half waves of oscillation of the generating straight line; с=tgθ,  θ is an angle 
of the generating line, around which it made the  oscillations: 

а)   tusinvdtzu −= ; tucosvdtzuu
2−= ;   tucosdczv += ;  tusindtzuv −= ;  0=vvz ; 

б)   tucosdtvzu = ; tusinvdtzuu
2−= ;   tusindczv += ; tucosdtzuv =  0=vvz .                 (15) 

e 

а 

c 

d 

b 

Fig. 5: Wavy linear surfaces with different directrix: 

а 
–
 
sine, b

 
–
 
hyperbola, c

 
–
 
parabola, d

 
–cycloid, e

 
-
 
ellipse
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At the left row of the fig. 5 θ=0, at the right row  0≠θ . 
The coefficients of the fundamental forms and curvatures of these surfaces are determined on common 

formulas (4-9) with using formulas (19) and the fact that N=0, kv=0. 
If to take cycloid as the directrix (fig. 5,d)  Х(u)=a(u-sinu),   Y(u)=a(1-cosu), ( )π÷= 20u , we’ll receive: 

( )22 /usinas =′ ;  ( )2/ucosas =′′ ;  ( )24
1

/usina
k = ;  

2
1

=sk ;  0=′sk ; 

( ) ( ) ( )tucosdtvv/usinaE 22
2

2
22 +






 += ;   ( )21 tusindcG ++= ; ( ) tusintusindcvdtF +−= ; 

( ) ( ) ( ) ( )[ ] ( )[ ]2222
2

1
2

22 tusintusindcvdttusindctucosdtvv/usina +−++











+






 +=Σ  

( ) ( ) ( )
Σ

















 +−

+






 ++=

1
2

22
22

222 2
2

2 tucosvdtv/usinatucosdcv/usina/ucosadtvL ; 

( ) ( )
Σ
−−

=
tucos/usinatucostusinvdtM 24

2
;    N=0.                         (15) 

II. Conclusion 

The surfaces on the trapezium curved plans are 
formed by the moving of some generating curve at the 
normal plane of directrix curve. The generative curve 
may change its form when it is moving along the 
directrix, but has the constant wide of the plan. At the 
article there is received the vector equation of the 
surfaces on trapezium curved plans. On the base of the 
vector equation there are received the coefficients of the 
fundamental forms and the curvatures of the surfaces. If 
the function of vertical coordinates depends on 
coordinate parameter of the directrix (the form of 
generating curve changes at moving along the directrix), 
then the coordinate system of the surface isn’t 
orthogonal and isn’t conjugated. If along directrix there 
moving unchangeable curve then the coordinate lines of 
the surface are lines of principle curvatures and this type 
of surfaces is applied to the class of Monge’s surfaces 
[5, 7-9]. On the base of common formulas there are 
received the formulas of geometric characteristics of the 
Monge’s surfaces. If at the normal plane of the directrix 
there is moving a straight line with the constant slope to 
the directrix plane, then there will be received the torus 
surface of constant slope. Those type of surfaces 
belong to the class of Monge’s surfaces as well.   

On the base of common formulas of 
investigated class there are received the formulas of the 
surfaces and their geometric characteristics of the 
surfaces with concrete directrix and generating curves, 
as for surfaces of common type and so for Monge’s  
and surfaces of constant slope. The using of common 
formulas made more simple the proses for receiving 

formulas for concrete surfaces. For every investigated 
surface there are given their figures.   

Also there was investigated the type of wavy 
surfaces formed by the generating straight line which 
make oscillations at the normal plane of directrix. There 
are received the formulas of the geometric 
characteristics of this type of surfaces and given the 
figures of wavy line surfaces with some directrix lines.  

The figures of the surfaces were made with 
using of vector equations of the surfaces in the 
“MathCad” system [5, 13]       
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