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Abstract- In this paper, we consider the generalized structural 
diagram of the multilayer electro magneto elastic actuator or 
the multilayer piezo actuator for the nanomechanics in contrast 
to Cady and Mason’s electrical equivalent circuits for the 
calculation of the piezo transmitter and receiver, the vibration 
piezo motor. From the solution of the general equation of the 
electro magneto elasticity, the matrix equation for the 
equivalent quadripole of the multilayer electro magneto elastic 
actuator, and its boundary conditions we receive the 
generalized structural-parametric model, the structural 
diagram and matrix transfer function of the multilayer actuator.
Keywords: multilayer electro magneto elastic actuator, 
multilayer piezo actuator, equivalent quadripole, structural 
diagram, structural-parametric model, matrix transfer function.

I. Introduction

t present, we use the multilayer electro magneto 
elastic actuator on the piezoelectric, 
piezomagnetic, electrostriction, and 

magnetostriction effects for precise alignment in the 
range of movement from nanometers to tens of 
micrometers in nanomechanics systems for 
nanotechnology and adaptive optics. We receive the 
parametric structural schematic diagram of the 
multilayer piezo actuator for nanomechanics in contrast 
to Cady and Mason’s electrical equivalent circuits for the 
calculation of the piezo transmitter, the piezo receiver, 
and the vibration piezo motor [1 – 12]. The parametric 
structural schematic diagram of the multilayer electro 
magneto elastic actuator is obtained with the 
mechanical parameters of displacement and force [14
−20].The piezo actuator use for actuation of 
mechanisms, systems, or management based on the 
piezo effect, and convert electrical signals into 
mechanical movement or force. The investigation of the 
static and dynamic characteristics of the multilayer piezo 
actuator is necessary for the calculation of 
nanomechatronics systems. We apply multilayer piezo 
actuator in nanotechnology for scanning tunneling 
microscopy and atomic force microscopy [6 − 32].

II. Parametric Structural Schematic 
Diagram

In this paper, we have the parametric structural 
schematic diagram and the matrix transfer function of 
the multilayer electro magneto elastic actuator for the 
nanomechanics from its the structural-parametric 
model. In general, the equation for the electro magneto 
elasticity of the multilayer electro magneto elastic 
actuator [12, 14, 16, 31] has the form

                         
( ) ( )t,xTstS jijmmii

Ψ+Ψν=                        (1)

where ( ) xt,xSi ∂ξ∂= is the relative displacement along 
axis i of the cross-section of the actuator, therefore, we 
obtain H,D,E=Ψ the generalized control parameter in 
the form mE in Figure 1 for the voltage control, mD for 
the current control, mH for the magnetic field strength 

control along axis m, jT is the mechanical stress along 

axis j, miν is the coefficient of electro magneto elasticity, 

for example, mid piezo module or magnetostriction 

coefficient, Ψ
ijs is the elastic compliance with const=Ψ ,

and the indexes i = 1, 2, … , 6, j = 1, 2, … , 6, m = 1, 2, 
3, with 1, 2, 3 are perpendicular coordinate axes.
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The multilayer piezo actuator on Figure 1 
consists from the piezo layers or the piezo plates 
connected electrically in parallel and mechanically in 
series.
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Figure 1: Multilayer piezo actuator a) for longitudinal 
piezo effect b) for transverse piezo effect, c) for shift 

piezo effect

For example, we consider the matrix equation 
for the Laplace transforms of the forces and the 
displacements [16] at the input and output ends of k the 
piezo layer of the multilayer piezo actuator from n the 
piezo layers. We drew the equivalent T-shaped 
quadripole of k the piezo layer in Figure 2.

Figure 2: Quadripole for k piezo layer

The circuit of the multilayer piezo actuator on 
Figure 2 is compiled from the equivalent T-shaped 
quadripole for k the piezo layer and the forces 
equations, acting on the faces the piezo layer. 
Therefore, we have the Laplace transforms of the forces 
on the input and output faces of k the piezo layer of the 
multilayer piezo actuator in the form of the system of the 
equations for the equivalent T-shaped quadripole

( ) ( ) ( ) ( )pZpZZpF kkinpk 1221 +Ξ+Ξ+−=

                                                                                       (2)
( ) ( ) ( ) ( )pZZpZpF kkoutk 1212 +Ξ++Ξ−=−

where 
( )

Ψ

δγγ
=

ijs
SZ th0

1 , ( )δγ
γ

= Ψsh
0

2
ijs

SZ are the resistance 

of the equivalent quadripole of k the piezo layer, δ is the 

thickness on Figure 1 a, α+=γ Ψc
p , α are the 

coefficient of wave propagation and the coefficient of 
attenuation, p is the Laplace operator, Ψc is the speed 
of sound with const=Ψ , ( )pF

inpk , ( )pF
outk are the 

Laplace transform of the forces at the input and output 
ends, ( )pkΞ , ( )pk 1+Ξ are the Laplace transforms of the 
displacements at input and output ends of k the piezo 
layer in Figure 2.

Accordingly, we have for Figure 2 the Laplace 
transforms the following system of the equations for k
the piezo layer in the form

( ) ( ) ( )p
Z
ZZpF

Z
ZpF koutkinpk 1

2

1
1

2

1 21 +Ξ







++








+=−

                                                         
                             (3)

( ) ( ) ( )p
Z
ZpF

Z
p koutkk 1

2

1

1

11
+Ξ








++=Ξ

the matrix equation for k the piezo layer

( )
( ) [ ] ( )

( )






Ξ

=







Ξ

−

+ p
pF

M
p

pF

k

outk

k

inpk

1

                            (4)

and the matrix [ ]M in the form
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[ ]


















+









++

=







=

2

1

2

1

1
1

2

1

2221

1211

11

21

Z
Z

Z

Z
ZZ

Z
Z

mm
mm

M         (5)

Where ( )δγ=+== ch1
2

1
2211 Z

Zmm , 

( )δγ=







+= sh2 0

1

1
112 Z

Z
ZZm ,

( )
02

21
sh1

ZZ
m δγ

== , Ψ

γ
=

ijs
SZ 0

0

For the multilayer piezo actuator the Laplace 
transforms the displacement ( )pk 1+Ξ and the force 

( )pF
outk acting on the output face of k the piezo layer 

correspond the Laplace transforms of displacement and 
force acting on the input face of k+1 the piezo layer. 
The force on the output face for the k the piezo layer 
equal in magnitude and opposite in direction to the 
force on the input face for k+1 the piezo layer

                
( ) ( )pFpF

inpkoutk 1+−=                            (6)

From equation (3) the matrix equation for n the 
piezo layers

( )
( ) [ ] ( )

( )






Ξ

=







Ξ

−

+ p
pF

M
p

pF

n

outnninp

11

1                              (7)

with the matrix of the multilayer piezo actuator Figure 1 a 
in the form

[ ]
( ) ( )
( ) ( )

















δγ
δγ

δγδγ
= n

Z
n

nZn
M n

chsh
shch

0

0

Accordingly, in general, the matrix for the 
equivalent quadripole of the multilayer electro magneto 
elastic actuator Figure 1 a-с has the following form

[ ]
( ) ( )
( ) ( ) 














γ
γ

γγ
= l

Z
l

lZl
M n

chsh
shch

0

0

Therefore, we have from the equation (7) the 
equivalent quadripole of the multilayer piezo actuator on 

Figure 1 a-с for the longitudinal piezo effect with length 
of the multilayer piezo actuator δ= nl , for the transverse 
piezo effect with nhl = , for the shift piezo effect with 

nbl = , where b,h,δ are the thickness, the height, the 
width for k the piezo layer.

Equations of the forces acting on the faces of 
the multilayer piezo actuator

at 0=x , ( ) ( ) ( )ppMpFSp,Tj 1
2

1100 Ξ+=
                                                                                    (8)
at lx = , ( ) ( ) ( )ppMpFSs,lTj 2

2
220 Ξ−−=

where ( )p,Tj 0 , ( )p,lT j are the Laplace transforms of 

mechanical stresses at the two ends of the multilayer 
piezo actuator.

The Laplace transform of the displacement and 
the force for the first face of the multilayer piezo actuator

at 0=x and ( )p
1

Ξ , ( )pF
1

the Laplace transforms of the displacement and the 
forces for the second face of the piezo actuator

at lx = and ( ) ( )pp n 12 +Ξ=Ξ , ( ) ( )pFpF
outn=2

Let us construct the structural-parametric model 
of the multilayer electro magneto elastic actuator Figure 
1 a-с. From equation (1) the Laplace transform of the 
caused force, which causes the deformation, has the 
following form

( ) ( ) ΨΨν= ijmmi spSpF 0                             (9)

0Ssijij
ΨΨ =χ

Accordingly, we have the equations for the 
generalized structural-parametric model and the 
generalized parametric structural schematic diagram of 
the multilayer electro magneto elastic actuator on Figure 
3. We receive the structural-parametric model in result 
analysis of the equation of the caused force and the 
system of the equations for the equivalent quadripole of 
the multilayer electro magneto elastic actuator, the 
forces on its faces in the following form

                                                         

where







=

153133

153133

153133

d,d,d
g,g,g
d,d,d

vmi , 







=Ψ

13

13

13

H,H
D,D
E,E

m , 








=Ψ

HHH

DDD

EEE

ij

s,s,s
s,s,s
s,s,s

s

551133

551133

551133









=Ψ

H

D

E

c
c
c

c , 








γ
γ
γ

=γ
H

D

E

, 






 δ
=

nb
nh
n

l .

( ) ( ) ( ) ( )
( ) ( ) ( )[ ] 
































Ξ−Ξγ

×







γ

γ
−Ψν












χ
+−








=Ξ Ψ

ppl
l

p
pF

pM
p mmi

ij
21

12
1

1

ch
sh11

                                                                                                                (10)

( ) ( ) ( ) ( )
( ) ( ) ( )[ ] 
































Ξ−Ξγ

×







γ

γ
−Ψν












χ
+−








=Ξ Ψ

ppl
l

p
pF

pM
p mmi

ij
12

22
2

2

ch
sh11
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Figure 3: Generalized structural diagram of multilayer electro magneto elastic actuator

The Laplace transform of the caused force at the longitudinal piezo effect for the multilayer piezo actuator 
has the form

( ) ( ) EspESdpF 333033= ,                        (11)

03333 Ss EE =χ

The structural-parametric model of the multilayer piezo actuator for the longitudinal piezo effect has the form

For the transverse piezo effect the Laplace transform of the caused force

( ) ( ) EspESdpF 113031=                            (13)

01111 Ss EE =χ

The  structural-parametric model of the multilayer piezo actuator for the transverse piezo effect has the form

                                             

For the shift piezo effect the Laplace transform of the caused force

( ) ( ) EspESdpF 551015=                               (15)

05555 Ss EE =χ

( ) ( ) ( ) ( )
( ) ( ) ( )[ ] 






























Ξ−Ξγ

×







γ

γ
−









χ

+−







=Ξ

ppl
l

pEd
pF

pM
p E

21

333

33
12

1
1

ch
sh11

                                                                                                              (12)

( ) ( ) ( ) ( )
( ) ( ) ( )[ ] 






























Ξ−Ξγ

×







γ

γ
−









χ

+−







=Ξ

ppl
l

pEd
pF

pM
p E

12

333

33
22

2
2

ch
sh11

( ) ( ) ( ) ( )
( ) ( ) ( )[ ] 






























Ξ−Ξγ

×







γ

γ
−









χ

+−







=Ξ

ppl
l

pEd
pF

pM
p E

21

331

11
12

1
1

ch
sh11

                                                                                                                 (14)

( ) ( ) ( ) ( )
( ) ( ) ( )[ ] 






























Ξ−Ξγ

×







γ

γ
−









χ

+−







=Ξ

ppl
l

pEd
pF

pM
p E

12
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11
22

2
2
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The structural-parametric model of the multilayer piezo actuator for the shift piezo effect has the form

We drew the structural schematic diagram of 
the actuator from the generalized structural-parametric 
model of the multilayer electro magneto elastic actuator 
for the nanomechanics.

III. Matrix Transfer Function

From equation (10) we receive the matrix 
transfer function of the multilayer electro magneto elastic 
actuator with n the layers in the following form

( )
( )

( ) ( ) ( )
( ) ( ) ( )

( )
( )
( )














Ψ









=








Ξ
Ξ

pF
pF
p

pWpWpW
pWpWpW

p
p m

2

1
232221

131211

2

1        (17)

Therefore, in general, we have the matrix 
transfer function of the multilayer electro magneto 
elastic actuator in the form

                                                                      ( )[ ] ( )[ ] ( )[ ]pPpWp =Ξ
                                                                                          

(18)

                                  

( )[ ] ( )
( )






Ξ
Ξ

=Ξ
p
p

p
2

1 ( )[ ] ( ) ( ) ( )
( ) ( ) ( )






=

pWpWpW
pWpWpW

pW
232221

131211 ( )[ ]
( )
( )
( )














Ψ
=

pF
pF
p

pP
m

2

1

where ( )[ ]pΞ , ( )[ ]pW , ( )[ ]pP are the matrices of the 
displacements, the transfer functions and the control 
parameters

( ) ( ) ( ) ( )[ ]
ijijmim AlpMpppW 2th2

2111 γγ+χν=ΨΞ= Ψ

0Ssijij
ΨΨ =χ

( ) ( ) ( )[ ]{ }
( ) ( ) ( )[ ] 222

21

3
21

42
21

21th

th

α+α++γαχ+

+γχ++χ=

ΨΨΨ

ΨΨΨ

cppclMM

plcMMpMMA

ij

ijijij

( ) ( ) ( ) ( )[ ]
ijijijm AlpMpppW 2th2

1221 γγ+χν=ΨΞ= Ψ

( ) ( ) ( ) ( )[ ]
ijijij AlpMpFppW γγ+χχ−=Ξ= ΨΨ th2

21112

( ) ( ) ( )
( ) ( ) ( ) ( )[ ]

ijij AlpFppW

pFppW

γγχ=Ξ=

=Ξ=

Ψ sh1222

2113

( ) ( ) ( ) ( )[ ]
ijijij AlpMpFppW γγ+χχ−=Ξ= ΨΨ th2

12223

We receive the generalized parametric structural 
schematic diagram and the generalized matrix transfer 
function from the generalized structural-parametric 
model of the multilayer electro magneto elastic actuator 
to calculate its static and dynamic characteristics for the 
nanomechanics. Let us consider, for example, the 
voltage-controlled multilayer piezo actuator for the 
longitudinal piezo effect with the inertial load 1Mm << , 

2Mm << and ( ) ( ) 021 == tFtF and the static 
displacements of its faces in the following form

( ) ( ) ( )( ) pUppWt mpt
δ=ξ=∞ξ

→α
→∞→ 11

0
011 limlim

thus

( ) ( )212331 MMMnUd m +=∞ξ
and

( ) ( ) ( )( ) pUppWt mpt
δ=ξ=∞ξ

→α
→∞→ 21

0
022 limlim

thus
( ) ( )211332 MMMnUd m +=∞ξ

where mU is the amplitude of the voltage, m is the 

mass of the multilayer piezo actuator, 21 M,M are the 
load masses. For the voltage-controlled multilayer piezo 
actuator from the piezo ceramics PZT at 33d = 4∙10 -10

m/V, n = 8, U = 150 V, 1M = 1.5 kg and 2M = 6 kg 
we obtain the static displacements of the faces of the 
multilayer piezoactuator ( )∞ξ1 = 384 nm, ( )∞ξ2 = 96 

nm, ( ) ( )∞ξ+∞ξ 21 = 480 nm.
We derive the transfer function with 

concentrated parameters of the multilayer piezo actuator 
for the longitudinal piezo effect with the voltage control 
for the elastic-inertial load and one fixed face and its 
structural diagram in Figure 4.
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( )E
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e
EE

t CCMcCl 33233
2 3

 

where ( )pU
 
is the Laplace transform the voltage, tT , tξ

 

are the time constant and the damping coefficient, 
( )lsSC EE

33033 =
 
is the rigidity.

 

 

Figure

 

4:

 

Structural diagram of voltage-controlled 
multilayer piezo actuator for longitudinal piezo effect and 

elastic-inertial load

 

Let us construct from (19) the transient 
response of the multilayer piezo actuator

 

for the 
longitudinal piezo electric effect with the voltage control. 
This expression for the transient response of the 
voltage-controlled the multilayer piezo actuator for the 
longitudinal piezo effect and elastic-inertial load is 
determined in the form
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where mξ

 

is the steady-state value of displacement and 

mU

 

is the amplitude of the voltage. For the voltage-
controlled multilayer piezo actuator with one fixed face 
from the piezo ceramics PZT with the longitudinal piezo 
effect and elastic-inertial load we obtain at ∞→1M , 

2Mm << ,

 

mU

 

= 60 V, 33d

 

= 4∙10 -10

 

m/V, n

 

= 10, 2M

 

= 4 kg, EC33

 

= 6∙107

 

N/m, eC

 

= 0.4∙107

 

N/m the steady-
state value of the displacement mξ

 

= 225 nm and the 

time constant tT

 

= 0.25∙10 -3

 

s. The discrepancy 
between the experimental data and calculation results is 
no more than 5%.

 

IV.

 

Results and Discussions

 

We have the equations for the generalized 
structural-parametric model and the generalized 
structural diagram of the multilayer electro magneto 
elastic actuator. We receive

 

the matrix transfer functions 
and the structural diagram of the multilayer electro 
magneto elastic actuator from the set of equations 
describing the structural parametric model of the 
multilayer actuator for the nanomechanics. The solution 

of the matrix equation for the equivalent quadripole of 
the multilayer electro magneto elastic actuator with the 
Laplace transform is used for

 

the construction the 
structural diagram of the multilayer actuator. 

 

As a result of the joint solution of the general 
equation of electro magneto elasticity, the matrix 
equation for the equivalent quadripole of the multilayer 
electro magneto elastic actuator, and its boundary 
conditions we receive

 

the generalized structural-
parametric model and the generalized structural 
diagram of the multilayer actuator.

 

V.

 

ONCLUSION

 

We consider the generalized structural-
parametric model, the structural diagram and the matrix 
transfer function of the multilayer electro magneto elastic 
actuator for the nanomechanics. We receive the 
structural diagram of the multilayer piezo actuator for the 
transverse, longitudinal, and shift piezo effects.

 

From the general equation of electro magneto 
elasticity, the force that causes the deformation, the 
system of the equations for the equivalent quadripole of 
the multilayer actuator, and the forces on its faces, we 
obtain generalized structural-parametric model and 
generalized structural diagram of the multilayer electro 
magneto elastic actuator for the nanomechanics.
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