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Abstract8

This paper presents a comparative study of approximate analytical methods is carried out9

using differential transformation, homotopy perturbation and variation parameter methods for10

the analysis of a steady two-dimensional axisymmetric flow of nanofluid under the influence of11

a uniform transverse magnetic field with slip boundary condition. Also, parametric studies are12

carried out to investigate the effects of fluid properties, magnetic field and slip parameters on13

the squeezing flow. It is revealed from the results that the velocity of the fluid increases with14

increase in the magnetic parameter under the influence of slip condition while an opposite15

trend is recorded during no-slip condition. Also, the velocity of the fluid increases as the slip16

parameter increases but it decreases with increase in the magnetic field parameter and17

Reynold number under the no-slip condition. The approximate analytical solutions are18

verified by comparing the results of the approximate analytical methods with the numerical19

method using Runge-Kutta coupled with shooting method. Although, very good agreements20

are established between the results, the results of variation parameter method provide21

excellent agreement with the results of numerical method.22

23

Index terms— nanofluid; squeezing flow; slip boundary; differential transformation method; homotopy24
perturbation method; variation parameter method.25

1 Introduction26

he flow of nanofluid in a channel, between two contracting or expanding plates and also, over a stretching sheet27
have aroused research interests in recent times. Among the recent studies, the analysis of squeezing flow of28
nanofluid or viscous fluid between two parallel plates have increased tremendously due to its various industrial29
and biological applications. After the pioneer work on squeezing flow by Stefan [1], there have been improved30
works on the flow phenomena. However, the earlier studies [1][2][3] on squeezing flow were based on Reynolds31
equation. Jackson [4] and Usha and Sridhar an [5] pointed out the insufficiencies of the Reynolds equation for32
some cases of flow situations. Consequently, there have been several attempts and renewed research interests33
by different researchers to properly analyze and understand the squeezing flows using different analytical and34
numerical methods . Also, effects of magnetic field, flow characteristics and fluid properties on the squeezing flow35
have been widely investigated under no slip conditions [27][28][29][30][31][32][33][34][35][36][37][38][39][40][41][42].36
However, in many cases of fluid and flow problems such as polymeric liquids, thin film problems, nanofluids,37
rarefied fluid problems, fluids containing concentrated suspensions, and flow on multiple interfaces, slip condition38
prevails at the boundary of the flow process.39

Therefore, Navier [43] proposed the general boundary condition which demonstrates the fluid slip at the40
surface. Such consideration of slip condition in the flow analysis of fluids is of great importance especially when41
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3 III. APPROXIMATE ANALYTICAL METHODS OF SOLUTION:
DIFFERENTIAL TRANSFORM METHOD

fluids with elastic character are under consideration [44]. In a past study on slip effects on flow conditions of42
fluids, Ebaid [45] investigated the effects of magnetic field and wall slip conditions on the peristaltic transport in43
an asymmetric channel. The influence of slip on the peristaltic motion of third-order fluid in asymmetric channel44
was analyzed by Hayat et al. [46]. Also, Hayat and Abelman [47] presented a study on the effects of slip condition45
on the rotating flow of a third grade fluid in a nonporous medium. Abelman et al. [48] extended their work to a46
porous medium and obtained the numerical solutions for the steady magnetodrodynamics flow of a third grade47
fluid in a rotating frame.48

The past efforts in analyzing the squeezing flow problems have been largely based on the applications of various49
numerical and approximate analytical methods such as differential transformation method (DTM), Adomian50
Decomposition Method (ADM), homotopy analysis method (HAM), optimal homotopy asymptotic method51
(OHPM), variational iteration method (VIM). Moreover, most of the studies are based on viscous fluids. To the52
best of the authors’ knowledge, a Approximate Analytical Methods study on squeezing flow of nanofluid under53
the influences of magnetic field and slip boundary conditions using variation parameter method (VPM) has not54
been carried out in literature. Also, a comparative study of the three approximate analytical methods (differential55
transformation, homotopy perturbation and variation parameter methods) has presented in this paper has not56
been analyzed in past work. Therefore, in the paper, a comparative study of approximate analytical methods57
is carried out using differential transformation, homotopy perturbation and variation parameter method for the58
analysis of a steady twodimensional axisymmetric flow of nanofluid under the influence of a uniform transverse59
magnetic field with slip boundary condition. The analytical solutions are used to investigate the effects of fluid60
properties, magnetic field and slip parameters on the squeezing flow.61

II.62

2 Problem Formulation63

Consider a squeezing flow of nanofluid squeezed between two parallel plates which are at distance 2h apart and64
they approach each other with slowly with a constant velocity under in the presence of a magnetic field as shown65
in Fig. 1. Assuming that the fluid is incompressible, the flow is laminar and isothermal, the governing equations66
of motion for the quasi steady flow of the nanofluid are given as: . 0v ? = ? (1) ( ) ( ) ( ) ( ) 2 2 0 2.5 1 1 . 1 .67
B 1 f f s f s v v v f p v t k µ ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + + ? = ? + ?? + ? ? ? ? ? ? ?68
? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?(2)69

(3)( ) ( ) ( ) ( ) 2 2 0 2.5 1 1 1 B 2 1 f s f f s v w v p w v k ? ? ? ? µ ? ? ? ? ? ? ? ? ? ? ? ? + ? ? ? ? ? ?70
? ? ? ? + × + ? + = ? × ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?(4)71

Introducing the stream function ( ), r z ? , vorticity function ( ) , r z ?72
and a generalized pressure for the cylindrical coordinate system as follows:( ) ( ) ( ) 2 2 2 1 1 1 1 , , , ,2f s u v73

r z p u v r z r r r ? ? ? ? ? ? ? ? ? ? + ? ? ? ? = = ? ? = ? = + ? ? ?(5)74
Eliminating the pressure term from Eqs. ( 3) and (4), we have Neglecting the body force, the continuity and75

Navier-Stokes’ equation for the problem is given as( ) ( ) ( ) ( ) ( ) 2 2 2 4 2 0 2.5 2.5 2 , / 1 1 1 B , 11f f f s r r76
z r r z k ? ? µ µ ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + = ? + + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?. 0 v77
? = ? 2 2 2 2 2 1 r r r z ? ? ? = ? + ? ? ? ? (7)78

The boundary conditions are given as 0, 0 0, w v z v and z v z H v V and v z ? ? = = = ? ? = = ? = ? (8)79
Applying a transformation ( ) ( ) 2 , r z r f z ? = , the compatibility Eq. ( 6) reduces to Eq. ( 9) as( ) ( ) ( )80

( ) ( ) ( ) ( ) 2.5 2.5 2 0 ” ”’ 2 1 1 B 1 1 0 f s iv f f f z f z f z f z k ? ? ? ? ? ? ? µ µ ? ? ? ? ? + ? ? ? ? ? ? ?81
+ + = ? ? ? ?(9)82

And the slip boundary conditions as( ) ( ) ( ) ( ) ( ) ” ’ ” 0 0, 0 0, , 2 f f v f h f h f h ? = = = =(10)83
Using the following dimensionless parameters in Eq. ( 11)( ) 2 * * 2 0 B 1 , , , = / 2 f f nf Hv f z F z R G h84

Da m v h k ? ? µ µ ? ? = = = + = + ? ? ? ? ? ? . (11)85
The dimensionless form of Eq. ( 9) is given as( ) ( ) ( ) ( ) ( ) ( ) ( ) 2.5 ”’ 2 ” 1 1 0 iv s f F z R F z F z G F86

z ? ? ? ? ? ? ? + ? + ? ? = ? ? ? ? ? ?(12)87
And the dimensionless boundary conditions in Eq. ( 10) as( ) ( ) ( ) ( ) ( ) 0 0, 0 0 1 1, 11F F F F F ? ?? =88

= ? ?? = = (13)89
where the asterisk, * has been omitted in Eqs. (12) and Eq. ( ??3) for the sake of conveniences.90

3 III. Approximate Analytical Methods Of Solution: Differen-91

tial Transform Method92

The differential transform method has widely been used to solve both singular and non-singular perturbed93
boundary values problems. It gives analytical solution to differential or integral solutions in the form of a94
polynomial by transforming each term in the differential equation or integral into a recursive form or relation of95
the equation which follows an iterative procedure for obtaining analytical series solutions of differential equation.96
The basic definitions of the method is as follows:97

If ( ) u x is analytic in the domain T, then it will be differentiated continuously with respect to space x.98
( ) ( , )p p d u x x p dx ? = for all x T ? (17) ( ) ( ) ( , ) i p i p x x d u x U p x p dt ? = ? ? = = ? ? ? ? (18)99
where p U is called the spectrum of ( ) u( ) ( ) ( ) ! p i p x x u x U p p ? ? ? ? = ? ? ? ? ? ? ?(19)100
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where Eq. ( 19) is called the inverse of ) (k U using the symbol ’D’ denoting the differential transformation101
process and combining Eq. ( 18) and Eq. (19), it is obtained that ( )1 0 ( ) ( ) ( ) ! p i p x x u x U p D U p p ?102
? = ? ? ? = = ? ? ? ? ? ? ?(20)103

a) Operational properties of differential transformation method If ( ) ( ) u x and v x are two independent104
functions with space (x) where ( ) U p and ( ) V p are the transformed function corresponding to ( ) u x and ( ) v105
x , then it can be shown from the fundamental mathematics operations performed by differential transformation106
that.i. If ( ) ( ) ( ), z x u x v x = ± then ( ) ( ) ( ) p U p V p ? = ± ii. If ( ) ( ), z x u x ? = then ( ) ( ) Z p U107
p ? = iii. If ( ) ( ) , n n d u x z x dx = then ( ) ( 1) ( 2)( 3)...( ) ( ) p p p p p n U p n ? = + + + + + iv. If ( )108
( ) ( ), z x u x v x = then 0 ( ) ( ) ( ) p r p V r U p r = ? = ? ? v. If ( ) ( ) m z x u x = , then1 0 ( ) ( ) ( )p109
m r p U r U p r ? = ? = ? ? vi. If ( ) ( ) ( ), z x u x v x = then 0 ( ) ( 1) ( 1) ( ) p r p r V r U p r = ? = + +110
? ? vii. If ( ) ( ) , n m n d u x z x x dx = then ( )( )( )( ) ( ) ( ) 0 ( ) 1 1 2 3 ... p l p l m p l p l p l p l n U p l n111
? = ? = ? ? ? + ? + ? + ? + ? + ? viii. If 3 3 ( ) ( )) ( ) , d u x d u x z x dx dx = then ( )( )( )( ) ( ) 0 ( ) 1112
2 3 3 p l Z p U p l l l l U l = = ? + + + + ? ix. If 2 2 ( ) ( )) ( ) , d u x d u x z x dx dx = then ( ) ( )( )( ) ( )113
0 ( ) 1 1 1 2 2 p l Z p p l U p l l l U l = = ? + ? + + + + ? x. If 2 ( ) ( ) du x z x dx ? ? = ? ? ? ? then ( ) (114
)( ) ( ) 0 ( ) 1 1 1 1 p l Z p p l U p l l U l = = ? + ? + + + ? xi. If ( ) ( ) , du x z x u dx = then ( )( ) ( ) 0 ( )115
1 1 p l Z p U p l l U l = = ? + + ? If 2 2 2 ( )) ( ) , d u x z x dx ? ? = ? ? ? ? then ( )( ) ( )( )( ) ( ) 0 ( ) 1 2116
2 1 2 2 p l Z p p l p l U p l l l U l = = ? + ? + ? + + + + IV. ( )( )( )( ) [ ] ( ) ( ) ( )( )( ) [ ] [ ] ( )( ) [ ] ( ) 0117
2.5 1 2 3 4 4 3 2 1 3 2 2 0 1 1 1 k l s f k k k k F k R k l k l k l F l F k l G k k F k ? ? ? ? ? = + + + + + ? ?118
? + ? + ? ? ? ? + ? ? ? + ? + ? ? ? ? ? ? ? ? + + + ? + = ?(21)119

With differential transformed boundary conditions Where a and b are unknowns to be determined later using120
the boundary conditions of Eq. (16b).[ ] [ ] [ ] [ ] 0 0, 1 , 2 0, 3 , F F a F F b = = = = ? ? ? ? (22) ( 1) [ 1] (121
1)( 2) [ 2] k F k k k F k ? + + = + + + ? ? [ ] 0 4 F = ? [ ] ( ) ( ) 2.5 2 1 5 20 1 1 s f F bG abR ? ? ? ? ? ? ?122
? + ? ? ? ? ? ? ? ? ? = ? ? ? ? ? ? ? ? [ ] 0 6 F = ? [ ] ( ) ( ) ( ) ( ) ( ) ( ) 2.5 4 2.5 2. 2 2 5 2 2 6 4 1 7 1 1 1123
1 1 84 3 1 0 s s f f s f bG b R abG R F a b R ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? ? + ? ? ? ? ? ? ? ?124
? ? ? ? ? ? ? ? ? ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? = ? ? + ? ? ? ? ? ? ? ? [ ] 0 8 F = ? [ ] (125
) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 2.5 2.5 2.s s f f s s f f s f bG b R abG R F ab R a bG R a G bR ? ? ? ? ? ? ? ? ?126
? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? ? + ? ?127
? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? = + ? ? +128
? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? [ ] 0 10 F = ? Year 2017 Global Journal of129

Using Eqs. ( 21) and ( ??2), the value of ( ), 1, 2,3, 4,5,... 19, 20. i i F = ? are Application of the Differential130
Transform Method to the Present Problem131

The differential transform of ( ??5) and ( ??6) is given by [ ] ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )s s f f s s f f s f bG132
b R abG R b R ab R F G bG R G a ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? ? + ? ?133
? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? ? ? ? ? ?134
? ? ? + + + ? ? ? ? ? ? ? ? ? ? ? ? = ? ? ( ) ( ) ( ) ( ) ( ) ( )31 1 1 1 5 s f s s f f a b R a bG R a b R ? ? ? ?135
? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? ? + ? ? ? ? ? ? ? ? ?136
? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? ? ? ? ? ? ? ?137

And so on According to the definition of DTM, the solution is ( ) [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]F z F zF z138
F z F z F z F z F z F z F z F z F z F = + + + + + + + + + + + + ? ? ? ? ? ? ? ? ? ? ? ? (23)139

a) The basic idea of homotopy perturbation method In order to establish the basic idea behind homotopy140
perturbation method, consider a system of nonlinear differential equations given as( ) ( ) 0, A U f r r ? = ? ?(24)141

with the boundary conditions, 0, u B u r ? ? ? ? = ? Î?” ? ? ? ? ? (25)142
where A is a general differential operator, B is a boundary operator,143

4 ( )144

f r a known analytical function and Î?” is the boundary of the domain ? The operator A can be divided into145
two parts, which are L and N, where L is a linear operator, N is a non-linear operator. Eq.( 24) can be therefore146
rewritten as follows( ) ( ) ( ) 0 L u N u f r + ? =(26)147

By the homotopy technique, a homotopy( ) [ ] , : 0,1 U r p R ? × ? can be constructed, which satisfies ( ) ( )148
( ) ( ) ( ) ( ) [ ] , 1 0, 0,1 H U p p L U L U p A U f r p ? = ? ? + ? = ? ? ? ? ? ? ? ? ?(27)149

Or( ) ( ) ( ) ( ) ( ) ( ) , 0 H U p L U L U p LU p N U f r ? ? = ? + + ? = ? ? ? ?(28)150
In the above Eqs. ( 27) and ( 28),[ ] 0,1 p ? is an embedding parameter, o151
u is an initial approximation of equation of Eq.( 24), which satisfies the boundary conditions. Also, from Eqs.152

( 27) and ( 28), we will have( ) ( ) ( ) , 0 0 o H U L U L U = ? = (29) ( ) ( ) ( ) , 0 0 H U A U f r = ? =(30)153
The changing process of p from zero to unity is just that of ( ), U r p from ( ) o u r to ( )154
u r . This is referred to homotopy in topology. Using the embedding parameter p as a small parameter, the155

solution of Eqs. ( 27) and ( 28) can be assumed to be written as a power series in p as given in Eq. ( 28)2 1 2156
... o U U pU p U = + + +(31)157

It should be pointed out that of all the values of p between 0 and 1, p=1 produces the best result.158
Therefore, setting 1 p = , results in the approximation solution of Eq.( 24)1 2 1 lim ... o p u U U U U ? = =159

+ + +(32)160
The basic idea expressed above is a combination of homotopy and perturbation method.161
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6 B) APPLICATION OF THE HOMOTOPY PERTURBATION METHOD TO
THE PRESENT PROBLEM

5 A162

Hence, the method is called homotopy perturbation method (HPM), which has eliminated the limitations of the163
traditional perturbation methods. On the other hand, this technique can have full advantages of the traditional164
perturbation techniques. The series Eq.( 32) is convergent for most cases.165

6 b) Application of the homotopy perturbation method to the166

present problem167

According to homotopy perturbation method (HPM), one can construct an homotopy for Eq. ( ??6) as( ) ( ) (168
) ( ) ( ) ( ) 2.5 2 , 1 1 1 ”’ ” iv iv s f H z p p p R F F R FF F G ? ? ? ? ? ? ? ? ? = ? + + ? + ? ? ? ? ? ? ?169
? ? ? ? ? ? ? ? ? ? ? ?(33)170

Using the embedding parameter p as a small parameter, the solution of Eqs. ( ??6) can be assumed to be171
written as a power series in p as given in Eq. ( 33)2 3 1 2 3 ... o p p p F F F F F = + + + + ? ? ? ? ?(34)172

On substituting Eqs. (34) and into Eq.( 33) and expanding the equation and collecting all terms with the same173
order of p together, the resulting equation appears in form of polynomial in p . On equating each coefficient of174
the resulting polynomial in p to zero, we arrived at a set of differential equations and the corresponding boundary175
conditions as 0 0, 0 0, 1 0,( ) 0 0 : 0, iv p F = ? ( ) ( ) ( ) ( ) ( ) ” ’ ” 0 0 0 0 0 0 0, 0 0, 1 1, 1 1 F F F F F ? =176
= = = ? ? ? ? ? (35) ( ) ( ) ( ) 2.5 1 2 ” ”’ 1 0 0 0 : 1 1 0, iv s f F F G F p F R ? ? ? ? ? ? ? ? + ? + ? = ? ?177
? ? ? ? ? ? ? ?(36) ( ) ( ) ( ) ( ) ( )” ’ ” 1 1 1 1 1 0 0, 0 0, 1 0, 1 1 F F F F F ? = = = = ? ? ? ? ? ( ) ( ) (178
) ( ) ( ) 2.5 2.5 2 2 ” ”’ ”’ 2 1 1 0 0 1 : 1 1 1 1 0 , iv s s f f F F F F G F R F p R ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?179
+ ? + ? + ? + ? = ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? (37) ( ) ( ) ( ) ( ) ( ) ” ’ ” 2 2 2 2 2 0 0, 0 0, 1 0, 1 1 F180
F F F F ? = = = = ? ? ? ? ? ( ) ( ) ( ) ( ) ( ) ( ) ( ) 2.5 2.5 3 2 ” ”’ ”’ 3 2 2 0 1 1 2.5 ”’ 0 2 : 1 1 1 1 1 1 0, iv s181
s f f s f F F F F F R R F R F p F G ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? + ? + ? + ? ? ? ? ? ? ? ?182
? ? ? ? ? ? ? + ? + ? = ? ? ? ? ? ? ? ? ? ? ? ? ? ? (38) ( ) ( ) ( ) ( ) ( ) ” ’ ” 3 3 3 3 3 0 0, 0 0, 1 0, 1 1 F F183
F F F ? = = = = ? ? ? ? ? ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 2.5 2.5 4 2 ” ”’ ”’ 4 3 3 0 3 0 2.5 2.5 ”’ ”’ 2 1 1184
2 2.5 ” 0 3 : 1 1 1 1 1 1 1 1 1 1 iv s s f f s s f f s f F F F F F F F F p G R R R R F R F F F ? ? ? ? ? ? ? ? ? ?185
? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? + ? + ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? + ? + ? + ?186
? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ’ 0 =(1 1 F F F F F ? = = = = ? ?187
? ? ? ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 2.5 2.5 5 2 ” ”’ ”’ 5 4 3 0 4 0 2.5 2.5 ”’ ”’ 3 1 2 2 2.5 1 3 : 1 1 1 1 1 1 1188
1 1 1 iv s s f f s s f f s f p G R R F F F F F F F F F F F F R R R ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?189
? ? ? ? ? ? ? ? + ? + ? + ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? + ? + ? + ? ? ? ? ? ? ? ? ? ? ? ? ?190
? ? + ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ( ) ( ) 2.5 ”’ ”’ 0 4 1 1 0 s f F R F ? ? ? ? ? ? ? + ? + ? =191
? ? ? ? ? ? ? ? (40) ( ) ( ) ( ) ( ) ( ) ” ’ ” 5 5 5 5 5 0 0, 0 0, 1 0, 1 1 F F F F F ? = = = = ? ? ? ? ?192

On solving the above Eqs. (35)(36)(37)(38)(39)(40), we arrived at ( ) ( ) ( ) 3 0 3 2 1 2 3 1 z z F z ? ? ? + =193
? ? (41)( ) ( ) ( ) ( ) ( ) ( ) ( ) 2.5 2.5 2 5 7 1 2 2 2.5 2.5 2 2 2 9 1 1 2 1 3 1 1 3 3 1 2 3 1 2 3 1 90 1 1 2 1 63 1 1194
60 3 1 3 1 3 1 1 3 2 1 s s f f s s f f R R G z z z R R F G ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?195
? ? ? ? ? ? ? ? ? ? + ? ? ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? = + + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?196
+ ? ? ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + + ? ? ? ? ? ? ? ? + ? ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 3197
2.5 2.5 2 2 2 2.5 2 2 3 6 1 1 2 1 9 1 1 12 3 1 3 1 3 1 90 1 1 2 1 63 1 60 3 1 3 1 1 3 2 1 s s f f s s f f z R R G R R198
G ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?? ? ? ? ?199
? ? ? ? ? ? ? + ? ? ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?200
? ? ? ? ? ? ? + ? ? ? + ? ? ? ? ? ? ? ? ? ? + + ? ? + + ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 2.5 2 2.5 2.5 2 2 2 1 3201
1 3 6 1 1 2 1 9 1 1 12 3 1 3 1 2 3 1 s s f f z R R G ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?202
? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?? ? ? ? ? ? ? ? ? ? ? ? + ? ? ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?203
? ? + + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ( ) ( ) ( ) ( ) 2.5 2 9 1 1 2 1 3 3 1 3 1 s f R G ? ? ? ? ? ? ? ? ?204
? ? + ? ? ? ? ? ? ? ? ? + ? ? ( ) ( ) ( ) 2.5 2 2 3 1 1 2 3 1 s f R z ? ? ? ? ? ? ? ? ? ? ? + ? ? ? ? ? ? ? ? ?205
? ? + ? ? ? ? ? ? ? ? ? (42) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 1 2 1 3 4 lim ... o p F z F z F z F z F z F F z z ? = = + +206
+ + + ? ? ? ? ? ? (43)( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )207

c) The Procedure of Variation Parameter Method The basic concept of VPM for solving differential equations208
is as follows: The general nonlinear equation is in the operator form( ) ( ) ( ) Lf Rf Nf g ? ? ? + + = (44)209

The linear terms are decomposed into L + R, with L taken as the highest order derivative which is easily210
invertible and R as the remainder of the linear operator of order less than L. where g is the system input or the211
source term and u is the system output, Nu represents the nonlinear terms.212

( ) 1 0 0 ( ) ( ) ( , ) ( ) ( ) ( ) n n n f f Rf Nf g d ? ? ? ? ? ? ? ? ? ? + = + ? ? ? ?(45f ? is given by 0 0 (0)213
( ) ! i m i i k f f i ? = = ?(46)214

m is the order of the given differential equation, k i s are the unknown constants that can be determined by215
initial/boundary conditions and ( , ) ? ? ? is the multiplier that reduces the order of the integration and can be216
determined with the help of Wronskian technique.217

( )1 1 1 1 1 ( ) ( , )( 1)!( )! ( 1)! i i m m m i i m i m ? ? ? ? ? ? ? ? ? ? ? ? ? = = ? ? ? ?(47)218
From the above, one can easily obtain the expressions of the multiplier forLf(?)= f n (?) ( ) ( ) ( ) ( ) ( ) 2 2219

3 2 2 3 4 3 2 2 3 4 1, ,1 2, , 3, , 2! 2! 4, , 3! 2! 2! 3! 5, , 4! 3! 2 2! 3! 4! n n n n n ? ? ? ? ? ? ? ? ? ? ? ? ?220
?? ? ? ? ?? ? ? ? ? ? ? ? ? ? ?? ? ? ? ? = = = = ? = = ? + = = ? + ? = = ? + ? + ? ( ) 5 4 3 2 2 3 4 5221
6, , 5! 4! 2 3! 2 3! 4! 5! n ? ? ? ? ? ? ? ?? ? ? ? ? = = ? + ? + ? ? ?222
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In the same manner, the expressions for ( ) ( ) ( ) ( ) ( )2 3 45 6 , , , , ... z z z F F F F F z z ? ? ? ? ?223
were obtained. However, they are too large expressions to be included in this paper. Setting 1 p = , results in224

the approximation solution of Eq. ( 24)225
The VPM provides the general iterative scheme for Eq. ( 45) as: ( ) ? + ? + ? ? ? ? ? ( ) ( ) ( ) ( ) ( ) 2 3 1226

1 2 3 4 3 2 2 3 2.5 ”’ 2 ” 0 ( ) 2 6 1 1 3! 2! 2! 3! n z s n n n f z z F z k k z k k z z z R F F G F d ? ? ? ? ? ? ?227
? ? ? ? ? + = + + + ? ? ? ? ? ? ? + + + ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?(48)228

The above equation can also be written as229

7 Global230

( ) ( ) ( ) ( ) ( )2 3 1 3 2 2 3 2.5 ”’ 2 ” 0 ( ) (0) (0) (0) (0) 2 6 11 3! 2! 2! 3! n z s n n n f z z F z F F z F231
F z z z R F F G F d ? ? ? ? ? ? ? ? ? ? ? ? + ? ?? ??? = + + + ? ? ? ? ? ? ? + + + ? + ? ? ? ? ? ? ? ?232
? ? ? ? ? ? ? ? ? ? ?(49) ( ) 7 6 5 2 4 3 3 4 2 5 6 7 8, , 7! 6! 2 5! 6 4! 6 4! 2 5! 6! 7! n ? ? ? ? ? ? ? ? ?233
? ? ?? ? ? ? ? = = ? + ? + ? + ? ? ? ? ?234

Consequently, an exact solution can be obtained when n approaches infinity.235
Using the standard procedure of VPM as stated above, one can write the solution of Eq. ( ??5) as236
From the boundary conditions in Eq. ( ??6)237
(0) 0, (0) 0F F?? = =238
Using the above statement and inserting the boundary conditions of Eq. ( ??6) into Eq. ( 49), we have( ) ( )239

( ) ( ) ( ) 3 2 1 1 3 2 2 3 2.5 ”’ 2 ” 0 ( )61 1 3! 2! 2! 3! n s n n n f k z F z k z z z z R F F G F d ? ? ? ? ? ? ? ?240
? ? ? ? ? + = + ? ? ? ? ? ? ? + + + ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? (50)241

From the iterative scheme, it can easily be shown that the series solution is given as3 2 0 1 ( ) 6 k z F z k z =242
+(51)243

Here, k 1 , k 2 , k 3 , and k 4 are constants obtained by taking the highest order linear term of Eq. ( ??5)244
and integrating it four times to get the final form of the scheme. s f s f k k R z k z G k z F z k z R k z ? ? ? ?245
? ? ? ? ? ? ? ? ? + ? ? ? ? ? ? ? = + ? + ? ? ? + ? ? ? ? ? ? ? ? (52)1 s s f f s s f f s R k k z R k z k z k k246
Rz F k z R k k G z R k k z R ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? ? + ? ? ? ? ? ?247
? ? ? ? ? ? ? = + + + ? ? ? ? ? ? + ? ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? + ? ( )( ) ( ) ( ) ( ) ( ) ( ) (248
) ( ) 2 2s f f s s f f s f R k z k G z R k k z R k G z R ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?249
+ ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? ? ? ? ? ? ? + ? ? ? ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?250
? ? ? ? ? + ? ? ? ? ? ? ? ? ? ( ) ( ) ( ) ( )3s f s f k k z R k G z R k z ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? ?251
? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? + ? ? ? ? ? + ? ? ? ? ? ? ? ? ? ? ? ? ? ? (53) Therefore, ( ) ( ) ( ) ( ) ( ) (252
) ( ) ( ) ( )s s f f s s f f R k k z R k z k z k k Rz F z F k z R k k G z R k k z ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?253
? ? ? ? ? ? ? ? + ? ? + ? ? ? ? ? ? ? ? ? ? ? ? ? = = + + + ? ? ? ? ? ? + ? ? + ? ? ? ? ? ? ? ? ? ? ? ?254
? ? + Similarly, the other iterations F z F z F z F F z F z are obtained.255

Although, analytically, the VPM and DTM are somehow easier and straight-forward as compared to HPM,256
there is no search for Wronskian multiplier (as carried out in VPM) or the rigour of developing recursive relations257
or differential transforms coupled with the search for included unknown parameter that will satisfy second the258
boundary condition lead to additional computational cost in the generation of the solution to the problem using259
DTM. This drawback is not only peculiar to VPM and DTM, other approximate analytical methods such as260
HAM, ADM, VIM, DJM, TAM also required additional computational cost and time for the determination261
of included unknown parameter that will satisfy second the boundary condition. Also, the VPM and DTM262
have their own operational restrictions that severely narrow there functioning domains as they are limited to263
small domain. Using VPM or DTM for large or infinite domain is accompanied with either the application264
of before-treatment techniques such as domain transformation techniques, domain truncation techniques and265
conversion of the boundary value problems to initial value problems or the use of aftertreatment techniques266
such as Pade-approximants, basis functions, cosine after-treatment technique, sine aftertreatment technique and267
domain decomposition technique. This is because VPM and DTM were initially established for initial value268
problems. Amending the methods to boundary value problems especially for large or infinite domains boundary269
value problems leads to the inclusion of unknown parameters (that will satisfy second the boundary condition)270
in the solution. This drawback in the other approximation analytical methods is not experienced in HPM as271
such tasks of before-and after-treatment techniques might not necessarily be required in HPM. This is because272
HPM is easily applied to the boundary value problems without any included unknown parameter in the solution273
as found in VPM and DTM. In order to get an insight into the problem, the effects of pertinent flow, magnetic274
field and slip parameters on the velocity profile of the fluid are investigated. Fig. 2 and 4 shows the effects of275
magnetic field and porous parameter on the velocity of the fluid under the influence of slip condition, while Fig.276
3 and 5 depicts the influence of the porous and magnetic on the velocity of the fluid under no-slip condition. It277
could be inferred from the figures that the velocity of the fluid increases with increase in the porous-magnetic278
parameter under slip condition while an opposite trend was recorded during no-slip condition as the velocity of279
the fluid decreases with increase in the porous-magnetic parameter under the no slip condition. Fig. ?? shows280
the influence of the slip parameter ?? on the fluid velocity. By increasing ??, it is observed that the velocity of281
the fluid increases. Fig. 7 presents the effects of Reynold’s number on the velocity of the fluid. It is observed282
from the figure that by increasing the value R, the velocity of the fluid decreases.283
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9 CONCLUSION

8 VI.284

9 Conclusion285

In this work, a comparative study of three approximate analytical methods have been carried out for the analysis286
of two-dimensional axisymmetric flow of an incompressible viscous fluid through porous medium under the287
influence of a uniform transverse magnetic field with slip boundary condition. From the analysis, it is established288
that VPM give higher accurate results than DTM and HPM with faster rate of convergence. Also, from the289
parametric study, it was established from the results that, the velocity of the fluid increases with increase in290
the porous-magnetic parameter under slip condition while the velocity of the fluid decreases with increase in291
the porous-magnetic parameter under no slip condition. By increasing the slip parameter, the velocity of the292
fluid increases, and the fluid velocity decreases as the Reynolds number increases. The approximate analytical293
solutions have been verified by comparing the results of the approximate analytical method with the numerical294
method using Runge-Kutta coupled with shooting method 1 2 3 4
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... 396249600295
where the constants k 1 and k 2 are determined using the boundary conditions in Eq. ( ??6) i.e.296
( )297
The equations are solved for the corresponding values of k 1 and k 2 for the different values of ?.298
V.299

.1 Results and Discussion300

The above analyses show the applications of three approximate analytical methods of differential transformation,301
homotopy perturbation and variation of parameters methods for the analysis of a steady twodimensional302
axisymmetric flow of an incompressible viscous fluid under the influence of a uniform transverse magnetic field303
with slip boundary condition. Using VPM and DTM, closed form series solutions are obtained as they provide304
excellent approximations to the solution of the non-linear equation with higher accuracy than HPM. Also, the305
VPM and DTM shows to more convenient for engineering calculations compared to HPM as they appear more306
appealing than the HPM. However, higher accuracy and high rate of convergence was recorded in VPM than307
DTM as shown the table, the solution of VPM is used to carry out the parametric study shown in Figs. ??-7.308
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