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Common Fixed Point Theorems for Self-Maps on
Metric Spaces with Weak Distance

V. Siva Rama Prasad® & T. Phaneendra®

Abstract- Fixed point theorems on complete metric
spaces with a weak distance proved by Ume and Yi [4]
have been improved under weaker conditions. The
results of this paper also generalize those of Brian Fisher
[1], Dien [3] and Liu et al. [6].
Keywords: self-map, w-distance on a metric space,
(g; f)-orbit at a point, Common fixed point.
I and xo€ X, wedenote by fx the f-image of xg.

As a weaker form of the metric d, Kada et al. [5]

introduced the notion of weak distance (or simply
w-distance) on X as follows:

Definition 1.1 Let (X; d) be a metric space and
p: X x X —[0,00) satisfy the following conditions:
(wy) p(z,y) < p(x,2) +p(z,y)foral z,y,2 € X

(we) Forany x € X, p(z,-) : X — R, is lower semi
continuous in the second variable, that is p(z, y,,) < liminf
p(% yn) whenever y,— 1y 8Sn— oo for some x € X, and

@)
(b)

. INTRODUCTION

et (X; d) be ametric space. If f is a salf-map on X,

9(X) Cf(X)
thereexigts at€ X such that

p(t, gx) < rp(t, fz) + ¢(fr) — ¢(gz) for all

(ws) Givene >0, thereisa ¢ >0 such that p(z,z) < 6
and p(z,y) < implythat d(z,y) < €.
Then p isknown asa w-distance on X.

Obvioudy, every metric d on X satisfies the
conditions (w1)-(ws), that isdisaw -distance on X

1
Example 1.1. Let X:{—: m=1,2,3, } UJ{0} with
m

metricd(z, y) = v + y if © # yandd(z, y) = 0if
x=yfordl x,y € X Notethat (X, d) isacomplete metric
space. Define p(z,y) = y. Then paw -distance on X.

For other examples one can refer to [5].

Recently Ume and Sucheol [4] have proved two
common fixed point theorems, given below, for self-maps
on a compl ete metric space with a w -distance on X, which
generalize and improve the results of Fisher [1], Dien [3]
and Liu et al. [6].

Theorem 1.1 ([4], Theorem 3.1). Let X be a complete
metric space (X, d) with w-distance p on it. Supposethat f,
g: X—Xand ¢: X—[0,00) satisfy the conditions:

(1.1)

z,y € X, (1.2)

0<r«l1

©

lim p(t, fx,) =0= lim p(t,gz,),
n—00 n—0oo

for every sequence (,,)._; in X with

(1.3)

we have

7}1_)11(;10 max {p(t, f$n>,p(t; gxn>7p<fg'rn’ gfxn)} = 07

and

for eachue X with u## fu or u# gu
{p(u,fr) + p(u,gz) + p(fgz,gfr) : z€X}>0.

(d)

(1.4)

Then fand g will have aunigue common fixed point.

Theorem 1.2 ([4], Theorem 3.6). Let X be a complete metric space (X, d) with w-distance p and the mappings
f,9: X— X satisfy the conditions (a) and (d). Supposethat ¢, 1 : X—[0,00) are such that
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© for every sequence (), in X with lim fxz, = lim gz, =t,
n—00

n—oo

wehave lim max {p(t, fz,), p(t, 92,), p(f 920, 9f2n)} =0,
n—oo

and
® p(gr, gy) < aip(fa, fy) + aep(f, go) + azp(fy, gy)
+aip(f, gy) + as\/plgz, fy)d(fy, gz) + [6(fx) — ¢(g)] + [¢(fy) — ¢ (gy)] (15)
foral z, y € X where a; € [0,1), i=1,2,3,4,5 aresuch that
a1+ as+as5 <1 and a1 +as+az+2a4 <1 (1.6)

Then fand g will have a unique common fixed point.

The purpose of this paper isto establish two fixed point theorems, which generalize those of Brian Fisher [1], Dien

[3] and Liu et d. [6].

I[I.  PRELIMINARIES
Firg we state the following lemma, proved in [5]:
Lemma 2.1. Let X be a metric space with w-distance p on
it. Then
@ p(z,y) = 0and p(x,2) = 0imply that y= 2.
Also (xn)zozl C X isa Cauchy sequencein X, provided
(h) p(xn,zm) < anfor dl m>n =1
(i) p(z,zn) < anforal n =1 for each z€X:

We now introduce an orbit notion that is followed
intherest of the paper.
Definition 2.1. Let f and g be sdf-maps on X. Given
o €X, if there exit points 1, T2, T3, ... in X such that

2.1)
the sequence (y,) ., is caled a g-orbit reative to
fa zoor smplya(g, f)-orbitatxy. Wecdl (Tn),; a
base sequence associated with the g-orbit (2.1). Note that
when f is the identity map ¢ on X, (2.1) and the base
sequence coincide with the g-orbit gx,, gz, ... at x, This

notion was adopted in [8]. The notion of (g, f)-orbit isnot

unique. For instance, Nesic [7] defined a (g, f)-orbit at zo
by the iterations:

Yn = gTp—1 = fxn for n > 1;

Top—1 = GTon—2, Ton = [To,—1 fOr n>1 (2.2

which was employed by Fisher [1] though no name was
mentioned.

p(t, fan) = p(t, grn_1) < rp(t, fre—1) + &(frn—1) —

Remark 2.1. If the sdf-maps f and g on X satisfy the
inclusion (1.1), then by aroutine induction, it can be easily
shown that (g, f)-orbit at each z exists with the choice
(2.1). Given xy € X, there can be more than one base

sequence (), asthefollowing examplesreveal:
Example 21 Le X =
d(z,y)
flz) = 29 and g(x) = “%2 for z € X. Then (L1) is
obvious and hence by Remark 2.1, orbits can be specified at

R with usual metric
=|z—yl|fordlz, ye X Deinef, g: X — X by

x
each Xo. Given g € X, choose *,, = j:2—2 forn > 1.

Since each xn has two choices, several base sequences

()7, can be specified to get the respective (g, f)-orbit.
We now prove

Lemma 2.2. Suppose that (X, d) is a metric space
with w-distance p on X. Let f, g : X — X ad
¢+ X — |0, 00) satisfy the incluson (1.1) and the
condition (b) of Theorem 1:1. If X is complete metric space
and xg € X, then

lim fx,= hm gr, ==z for some z €X. (2.3)
n—oo

Proof. Given To € X, Suppose that (x,,) -, isabase
sequence at o and f, g are such that (2.1) holds good. Now,

by condition (b) with x= xn—1, we have

Qb(gxn—l)

so that for any k& > 2

k

D

n=1

k
Zp(t, fx,) <.
n=1
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which gives

k

> oplt. ) < plt, far) +

n=2

T 1
< —Tp(ta fro) + ——

1—

o0
Showing that Zp(t, fx,) oconverges so that
n=2

tends to O as n — 00O,
im p(t, frn) = 0.
n—o0

n th tem that is

Now, by (;) of Lemma 2.1, it follows that
(fxn),~, isaCauchy sequence in the (g, f)-orbit X.

Since X iscomplete, thereisaz € X such that fr,— 2as
n—0oQ.

Similar argument shows (gxn>zo:1 converges to
Z" in X. Proceeding thelimitasn — oo in (2.1) and using
these limits, it followsthat z = Zf proving the lemma.

Remark 2.2. The converse of Lemma 2.2 is not true. Infact,
the example given below shows that we can find a metric

L T6(f0) — d(fan)]

1—7r

1_r (fo)

space (X, d) with aw-distance p on it satisfying condition
(@) and (b) of Theorem 1.1 such that for any z, € X and for
any base sequence (Zn,)o-, a Z, both (fn),—; and
(gan)oo, converge to the same point in X; but X isnot
compl ete.

Example 22. Let X = [0, 1) withd(z,y) =|z — ¥
fordl z, y € X. Clearly (X, d) isanincomplete metric

1
space. Define f, g : X — X byfx:QxZ_ L

d gr =—
ad gz =7

for z € X. Then g(X) :{%} and f(X) = E’%)

o that g(X) C f(X). Let

1
p(x,y):Zmax{|2x—1|,|2x—4y—|—1|,2|x—y|}for z,y € X,

which will be aw-distanceon X Also for any t€ X; P(t, gx) = éll |2t — 1] and

p(t, fz)

from which it follows p(t, gx) <

DO | —

Note that for any xo € X there is only one base

1
sequence (x,,)~ , givenby T, = 5 fordln > 1 sothat
both (fz,),—, ad (gn), , are constant sequences

with each term equa to %; and hence they converge to

1
FEX

Proof. Supposethat (z,,)> |

- ;m{ 202t — )], J4(t — @), |(4¢ — 22 — 1) }

p(t, fr)+o(fr) —P(gx) forany x € X where ¢ (z) =1 forall = €X.

Lemma 23. Suppose (X, d) is a metric space
with w-distance p on it. Let f, g : X — X and
¢, : X — [0,00) besuch that (a) of Theorem 1.1 and (f) of
Theorem 1.2 hold. If (X, d) isacomplete metric space, then
for any zo € X and for any base sequence (xn>zo:1 at To,
both the sequences (fzy,),—, and (gz,) —
to the same pointin X

| converge

isa base sequence at some (€ X with the choice (2.1). Write

Yn = p(f:li'n, fxn+1> = p(gxnflygxn for n > 1

Then by (f) of Theorem 1.2, we have

© 2014 Global Journals Inc. (US)
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Vo = P(9Tn—1, 9Tn)
< arp(frn—1, frn) + ap(frn-1, 9Tn-1) + asp(fn, g7,)
+ asp(fTn_1, gTn) + a5/ P(gTn—1, f20)d( [0, gT_1)
+[¢(frn-1) = lgrn-1)] + [ (fzn) — (924)]
< @1Vn-1 + @2Yn-1 + a3V + as(Yn-1 + Tn)

+[o(fzn-1) = o(frn)] + [ (fan) —

(fxn—i—l)]

= (a1 + a9 + CL4>’7n_1 + (CL3 + a4)7n

+[o(fen-1) = o(frn)] + [ (fan) -

(fxn-i-l)]

from which we get

T < ammor + B{{¢(fen) —o(fea)l +[ (fen) —
a) + as + ay
1-— a3 — Ay

where o =

(fxn—&-l)]}’ n > 27
1

ad = ——
6 1—(13—(1,4

Therefore for any integer k > 2,

>0 £ @3 g0t 4 B[6fa0) — o fan)] [ (o) = (f)

which gives

Blo(frr)+ (fzo)]

k
«Q

R

—~ 11—«

(o]
that >+, converges

n=2

showing and hence
n — 0 a n — o0o. Also from the above lines, for

m > n = 2, we see that p(fz,, fr,) <, where

0= Ynt+Vn+1+"*-+Ym-1.Snce &« — 0 asn — o0’
it follows from (h) of Lemma 2.1 that (fz,) — isa
Cauchy sequence in X and hence converges to some

z € X. Similarly we can provethat (gx,,) -, converges

tosome 2’ in X. But gZ,,—1=fx,, for dlm = 1 it follows

that z = 2’, completing the proof of lemma.

Remark 2.3. The converse of Lemma 2.3 is not true. In fact,
it is not difficult to exhibit a metric space (z, d) with
w-distance p on it for which (a) of Theorem 1.1 and () of
Theorem 1.2 in which for any 25 € X and for

any base sequence (z,),_, a xo both sequences
(fr,)o2, ad (gx,),~, converge to the same point,

yet (X; d) isnot complete.

nh_)rgo max{p(z, fu,), p(z, gun), p(fgtn, gfu,)} = 0.

11—«

1. MAIN RESULTS
Theorem 3.1. let (z, d) be a metric space with
w -distance p on it. Suppose that f, g : X — X and
¢ : X — [0,00) satisfy the inclusion (1.1) and the
condition (1.4) of Theorem 1.1. Also suppose that
(j) there is a base sequence <xn>f:1 at some point

To € Xsuchthat (fx,) -~ ad (gz,),, convergethe

n—

same point z€ X

k) p(z, g2)<rp(z, f2x) +o(fx)—@(gx) for dl x € X,
where ) < r < 1 and
(I for every

sequence  (uy,) -, C X with

lim p(z, fu,) = lim p(z, gu,) = 0, we have
n—oo n—oo

(3.2)

Then zis a unique common fixed point of fand g.

Proof. Writing x=

,, in (k) we get

Pz, fani) = p(z, g2n) <1p(2, fon) + ¢(f2n) — O(g2n).

2014 Global Journals Inc. (US)



o0
Then asin Lemma2.2, we can provethat > p(z, fz,,) converges hence

n=1

lim p(z, fr,) = lim p(z, g2,) = 0.
n—00 n—oo

Using thisin (3.1), it followsthat  lim_P(f9n, 9f2n) = 0.,

Now if Z is not a common fixed point of f and g, then either Jz £ zor gz £ 2 and therefore, by the condition

(1.4) of Theorem 1:1

0 < inf{p(z, fz) + p(z,g92) + p(fgz,gfx) : v € X}
< inf{p(z, fon) + p(z, g2n) + (f9Tn, gf2y) : 0 > 1}

=0,

acontradiction. Hence fz# z and gz# 2.

The uniqueness of the common fixed point z
follows asin the proof of Theorem 3.1 of [4].
Remark 3.1. In view of Remark 23, Theorem 3.1
generalizes Theorem 1.2. Also since d is a w-distance, the
results proved by Dien [3] and Liuet.a [6] will be particular
cases of Theorem 3.1.
Theorem 3.2. Let (X, d) be a metric space with
w-distance p on it. Suppose that f, g : X — X and

¢: X — [0,00)

condition (1.4) of Theorem 1:1 and the condition (f) of
Theorem 1.2. If (j) and [) hold good, then z is the unique
common fixed point of fand g.

satisfy the inclusion (1.1) and the

Proof. The proof is similar to the first main result and is
omitted here.

Remark 3.2. In view of Remark 2.6, Theorem 3.2 generilzes
Theorem 1.2. Also since d is a w-distance on X, the fixed
point theorem of Fisher [1] is a partcular case of Theorem
3.2with p= d.
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