SV GLOBAL JOURNAL OF RESEARCHES IN ENGINEERING: I
@ISEIREINGEIN N UMERICAL METHODS

V."% Volume 14 Issue 2 Version 1.0 Year 2014

B Type: Double Blind Peer Reviewed International Research Journal
Publisher: Global Journals Inc. (USA)
Online ISSN: 2249-4596 & Print ISSN: 0975-5861

A New Look into the Controllability and Observability of
Lyapunov type Matrix Dynamical Systems on Measure Chains

By Goteti V. R. L. Sarma

Abstract- In this paper we establish the concept of controllability and observability of time varying
dynamical systems on measure chains. we obtain a set of necessary and sufficient conditions for
the controllability and observability of Lyapunov type matrix dynamical system on measure
chains.

GJRE-I Classification . FOR Code: 34 A 99, 93 B 05 and 93 B 07

EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE

Strictly as per the compliance and regulations of:

© 2014. Goteti V. R. L. Sarma. This is a research/review paper, distributed under the terms of the Creative Commons Attribution-
Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), permitting all non commercial use,
distribution, and reproduction inany medium, provided the original work is properly cited.



A New Look into the Controllability and
Observability of Lyapunov type Matrix
Dynamical Systems on Measure Chains

Goteti V. R. L. Sarma

Abstract- In this paper we establish the concept of controllability and
observability of time varying dynamical systems on measure chains.
we obtain a set of necessary and sufficient conditions for the
controllability and observability of Lyapunov type matrix dynamical
system on measure chains.

. INTRODUCTION

ecently the concept of time scales(or measure
q chains) is growing very rapidly into many areas of

research. One reason being it includes both
continuous and discrete systems as special cases.
Hence many researchers [1] — [4] and [8]-[11] explored
different concepts on time scales. Stephan Barnett [12]
studied the control theory for both the continuous and
discrete cases for simple dynamical systems. Control
theory has developed rapidly over the past two decades
and is now established as an important area of
contemporary Applied Mathematics. Many problems of
great importance in the contemporary world require a
quite different approach, the aim being to compel or
control a system to behave in some desired fashion.
Basically control theory has involved the study of
analysis and control of any dynamical system. This
theory has been successfully applied in a variety of
branches in the disciplines of engineering and
particularly it is receiving great impetus from Aerospace
engineering. A fascinating fact is that all the widely
different disciplines of applications depend on a
common core of mathematical techniques of the
modern control system theory.

In this paper we establish the concept of
controllability and observability of dynamical systems on
measure chains. The results presented in this chapter
generalises the existing results on controllability and
observability for continuous and discrete cases and
includes them as a particular case. This paper is
organised as follows; In section 2, we outline the salient
features of time scales. In section 3, we briefly mention
the necessary and sufficient conditions for the
controllability and observability of vector dynamical
systems on time scales.

. {XA(t)=A(t)X(t) + B(t)u(t), x(t,)=x,
"yt =Clex()
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where Aisnxn Bisnxmand C isrxn
matrices whose elements are rd-continuous on a time
scale T = [ty, t], the control u is (mx1) and x is an
(nx1)vector. Section 4 presents the controllability and
observability criteria of the most general matrix
Lyapunov differential system on measure chains

S {XA(t)=A(t)X(t)+X(a(t»B(t)+K(t)U(t), Xt)=X,  (1.1)

20y @ =CcX()

where A(t), B(), K({t) and C(t) are square
matrices of orders nxn, nxn, nxs and rxn respectively.
The control U(t) is an sxn matrix and the out put Y(t) is
an rxn matrix whose elements are rd-continuous on a
measure chain T = [t,, ty]. We firmly believe that these
results will have a significant impact on control
engineering problems.

II.  SALIENT FEATURES OF TIME SCALES

A measure chain (or time scale) is an arbitrary
closed subset of real numbers R and it is denoted by T
throughout the paper. Time scales are not necessarily
connected and this topological handicap is eliminated
by introducing the notion of jump operators c and p as
follows:

Definition 2.1: Let T be a measure chain. Fort € T
define the forward jump operator o : T — T by o (i)
= Inf{s e T:s >t} and the backward jump operator
p:T—> Thby p(f) = Sup{seT:s<t}.

A point t € T is said to be right dense, right
scattered, left dense and left scattered according as o
H=to)>tp)=tandp (I) < trespectively. The
grainness u: T — [0, w) isdefinedby p({)= o ()-t.

The set T* which is derived from the measure
chain T as follows:

If T has a left scattered maximum m, then
T<=T-{m}, otherwise T"=T.

Definition 2.2: Letf: T—R,t e T Then define f(t) to
be the number (provided it exists ) with the property that
given any >0, there exists a neighbourhood U of t
such that
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| [f(o(t)) - f(s)] - f*(t) [o(t)-s] | <€ |o(t)-s | forall se U
Then f (1) is called the delta derivative of f at t.

If T = R, the delta derivative is same as that of
ordinary derivative and for T = Z,  (t) = f(t+1) - f(t) =
Af(t), which is the forward difference operator.

Definition 2.3 : We say that f is delta differentiable on T¥,

if f (t) exists forall t e T,

Result 2.7 - Assume f, g : ToR are delta differentiable

functions at teT¥, then

e f4+g: T —>Ris delta differentiable at t with
t) =0 +g* 0.

e For any constant k, kf : T— R is delta differentiable
attwith (k) * (1) = kf* (t).

e fg: TxT— Ris delta differentiable at t with

(Fg)*(t) = £(t) g(t) + f(o(t)) g*(t)
=f(t) g*(t) +£(t) g(o() -

Definition 2.4: A function F : T — R is called an
antiderivative of f : T “R, provided F* (t) = f(t) holds for
allt e T*. Then the delta integral of fis defined = F (t)
-F(a) V tel

Definition 2.5: Let f : T-T be a function. We say that f is
rd - continuous if it is continuous in right dense points
and if limit f (s) exists as s — t - for all left-dense points
teT.

(f+g)

Result 2.2: Rd - Continuous functions possess an anti
derivative.

Proof: For the proof we refer [2].

Definition (Controliability) 2.6 - The linear time varying
dynamical system S, on measure chain T=[t, ,ty] is
completely controllable if “for any initial time t0 and any
initial state x (t,) = %, and any given final state xf, there
exists a finite ime  tN > to and a control u(t), to<t<
ty suchthat x(ty) = xf".

Definition 2.7 (Observabilify) . The linear time varying
dynamical system defined by S; on measure chains is
completely observable if and only if the knowledge of
the control u(t) and the out put y(t) suffice to determine
X(ty) = X, uniquely for a finite time ty > ;.

[1I.  CONTROLLABILITY AND OBSERVABILITY

OF VECTOR DYNAMICAL SYSTEMS ON
MEASURE CHAINS

Theorem 3.1 The system S, is completely

controllable if and only if the n x n symmetric

controllability matrix W (t,, ty) =

T (¢(t0 ’ G(S))B(S)B* (S)(I)* (to , G(S)))As
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is non - singular where ¢ (1) is a fundamental matrix of
x* () = A®) x(). In this case the control

u(t) = - B() ¢'(to,0() W (to tn) [ X0 - ¢ (to, tn) xe]  (3.2)

definedonto < t <ty transfers x (t,) = x, to x (t) = xf.
Here * denotes the transpose of the matrix.
Proof . Please refer [6]

Theorem 3.2 : Suppose u- (t) is any other control taking
X (f) = X to x(ty) = xf

Then THG(S)HZ As T”u(s)“2 As,
t, t,

where u(s) = - B*(s) ¢ t0, 5 (8)) W' (t,tn) [X - ¢ (to,tn)xf]
provided u(s) # u(s) Vs e [t,, t\] -
Proof . Please refer [6]

Theorem 3.3 : The time varying dynamical system S; on
measure chain  T=[ t, ,ty] is completely observable if
and only if the symmetric observability matrix V, (t,, ty) =

T¢*(s,t0) C* (s) C(s) ¢ (s,t)) s is non singular.

Proof . Please refer [6]

[V.  CONTROLLABILITY AND OBSERVABILITY
OF LyApuNOVvV TYPE MATRIX
DYNAMICAL SYSTEMS ON MEASURE
CHAINS

In this section we consider Lyapunov type
matrix dynamical system on measure chains

X* (t) = aoxo0+ X(G(t))B(t) + K(t)U(t) , X(to) =X, (4.1)

and obtain necessary and sufficient conditions for the
controllability and observability of S,. Throughout this
section ¢, (1) and ¢, () represent fundamental matrix
solutions of x,(t) = AQX({) and x,({t) = B*() X(o (1))
respectively.

Theorem 4.1 : The solution of the equation (4.1) is given
by

X(6) =610 07 (t6) X953 (t0) 03(6) +ou(t)
[0 (0()K(S)U(s)h3 " ()As (63 (1) = di(tto)

to

Xo + [ 61 (to,0(s)K(s)U(s)03 (£ ,5)As |5 (t,t,)

where ¢(tt) = (10" (t) (=12

Proof : Please refer [6]



X())=6:1(6) 07" (t0) X5 (tg) &3 (8) +or()

{jd»l

K(s)U(s)o, ()AS}I)Z(t) = di(t o)

t
{xo N ¢1<to,c(s>>K<s>U<s)¢;(tos)As}b;(mo)
to

where ¢(tto) = a1 (t) (=12)

Proof . Please refer [6]

Theorem 4.2 : The Lyapunov type matrix dynamical
system on measure chains S, is completely controllable
if and only if the symmetric controllability matrix

W, (to,tn) = th¢1 (to, o ())K (K" (9)4 (t,,5(S))As IS NoN
singular. )
Then the control U (t) defined by

U= - K'(t)

01t ()W (ko 1) Xo = 0 (b0 1) Xiba 0 )03 (£, D)

defined for t, < t < ty transfers X(t;) = X, to X(ty) = Xf.

Proof : First we suppose that W, (t,,ty) is non - singular.
Then U (t) defined as above exists. We know that any
solution of (4.1) has the form

X(t) :d)w(t‘to)
Xo + [ 01 (to, () K(8)U(s)d (t,5)As |5 (1)

to

putt =ty and substitute U(t) defined as above we will
get X(ty)= Xfand hence S, is controllable.

Conversely, suppose that S, is controllable. We
have to show that W, (t,, ty) is non-singular. Since W,
(t,, tn) is symmetric, clearly it is positive semi definite.

Now suppose that there exists some column

vector Q=0 such that Q) W, (t,,ty)Q, =0
ty
= [Q10: (ty, S(S)KEK (8)d; (t,6(5)2,A5 =0
t

ty
= _[91 (5,t0)0,(s,ty)AS =0, where 6i(s, to) =

to

*

K" ()41 (o, 0(s))Q,

t
:f”91”2AS:0. Hence 8;=0o0n [to, tn].

ty

By our assumption since S, is completely controllable,
there exists a control V (t) (say) making X (ty) = 0 if X (ty)
Q,g where g is any non zero 1xn matrix.

Xty =0 = X (to) + =0

Id) (to, o(s)K(s)V ()95 (ty,8)As

= Qig=- j ¢ (t, 5(5))K(s)V(5)05 (ty,5)AS Now

8] -
(K ()9 (ty, ()2, gAS =005 =

0 = Q=0 whichis a contradiction.

(ug)* (Cug) =-

f(l)z (ty,s)V

Therefore W, (t,, ty) is positive definite, consequently it is
non - singular.

Theorem 4.3 : The system S, is completely observable if
and only if the symmetric observability matrix

Vit th) = Tdﬁr(S,tO)Cﬁ(s)CXS)¢1(s,tO)As Is non

to
singular.

Proof: Suppose V(i ty) is nonsingular. Without loss of
generality suppose that U(t) = OVt € [t,, ty] then X(1)

= ¢1(tt)Xo ¢, (tio).
For this the out putis Y(t) = C(1) ¢,(t,te)X, (t,1o)

= 01 (tt) COYEO ¢, () =0}
(£,t0)C () C(t) ¢ (tt0)Xo .

from t, to ty

“(5)Y(5)0s  (s,ty)As

Integrating

[0;6s.t,)C

we get

= V(to, tn)Xo.

M=VWMNTM@%K%W@@WMMM

to

Therefore S, is observable. Conversely suppose S, is
completely observable. We will show that V(t,, ty) is non
singular. Since V (t,, ty) is symmetric, clearly it is positive
semidefinite. If possible suppose that there exists a
column vector Q, # 0 such that

. (t, tnQ1 = 0.

Qv Then
J-”C(S)d)1(sfto)Q1”2 As = 0

C(S)¢1(Slt0) 1=0 Vs e [t(), tN] I Xo = Qlk
where k is row vector of order 1xn. Then the output is Y

() == C (H)dr(t,t )Xo, (t, )
= C ()1(t to)Quk ¢, (t,t,)=0.
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i.e X, can not determined with the knowledge of Y(t) in
this case. This contradicts our assumption that S; is
completely observable. Therefore V(t,, t\) is positive
definite and hence V(t,, ty) is non - singular.

Observation 4.1. From the theorem (4.2) it is observed
that the controllability matrix is independent of ¢,. The
fundamental matrix ¢, alone determines the
controllability criterion of the dynamical system S,. We
also observe that the controllability criterion can be
determined using the fundamental matrix ¢,
alone. In this case the controllability matrix is given by

Walto,tn) = f(%(to,G(S))K(S)K*(S)¢Z(to,0(5))As » and
the control Uzt) defined by

U@) =-K'(1)
(KOK (6) 07" (to, SO X, = 01 (t, t) X3 (ko )]
W3 (bt )5 (t K (DK (1)

defined for t0 < t < t transfers X(t,) = X, to X(ty) = Xf.

Observation 4.2 . From the theorem (4.3) it is observed
that the observability matrix is independent of ¢,. The
fundamental matrix ¢, alone determines the observability
criterion of the dynamical system S, We can also
determine the observability criterion of S, using the
fundamental matrix ¢, alone.
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