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6

Abstract7

The concepts of topological ?-transitive maps, ?-transitive maps, ?-type chaotic and ?-type8

chaotic maps were introduced by M. Nokhas Murad Kaki. In this paper, I study the9

relationship between two different notions of transitive maps, namely topological ?-transitive10

maps, topological ?-transitive maps and investigate some of their properties in two topological11

spaces (X, ??) and (X, ??), ?? denotes the ?-topology(resp. ?? denotes the ?-topology) of a12

given topological space (X, ? ).. The two notions are defined by using the concepts of13

?-irresolute map and ?-irresolute map respectively Also, we study the relationship between14

two new types of chaotic maps, namely, ?-type chaotic maps and ?-chaotic maps, and I will15

prove that the properties of ?-transitive, ?-type chaotic are preserved under ?r-conjugacy and16

?-transitive, ?-chaotic maps are preserved under ?r-conjugacy The main results are the17

following propositions:1) Every topologically ?-type transitive map is a topologically ?-type18

transitive map which implies topologically transitive map, but the converse not necessarily19

true..2) Every ?-type chaotic map is ?-chaotic map which implies chaotic map in topological20

spaces, but the converse not necessarily true..21

22

Index terms— topologically ?- transitive, - type chaotic, ?-type chaotic, ?-dense.23

1 Introduction24

ecently there has been some interest in the notion of a locally closed subset of a topological space. According25
to Bourbaki [16] a subset S of a space (X, ) is called locally closed if it is the intersection of an open set and a26
closed set. Ganster and Reilly used locally closed sets in [13] and [14] to define the concept of LC-continuity, i.e.27
a function f : (X, ) (X, ) is LC-continuous if the inverse with respect to f of any open set in Y is closed in X. The28
study of semi open sets and semi continuity in topological spaces was initiated by Levine [6]. Bhattacharya and29
Lahiri [8] introduced the concept of semi generalized closed sets in topological spaces analogous to generalized30
closed sets which was introduced by Levine [5]. Throughout this paper, the word ”space ” will mean topological31
space The collections of semi-open, semi-closed sets and ?-sets in ( X, ) will be denoted by SO (X, ) , SC (X, )32
and respectively. Njastad [7] has shown that is a topology on X with the following properties: and if and only if33
N where and N is nowhere dense in (X, ). Hence if and only if every nowhere dense (nwd) set in (X, ) is closed,34
therefore every transitive map implies ?-transitive. Also if every ?-open set is locally closed then every transitive35
map implies ?transitive; and this structure also occurs if ( X, ) is locally compact and Hausdorff ??36, p. 140,36
Ex. B]] and every ?-open set is locally compact, then every ?-open set is locally closed.37

In 1943, Fomin [27] introduced the notion of ?continuous maps. The notions of ?-open sets, ?-closed sets and38
?-closure where introduced by Veli?cko [19] for the purpose of studying the important class of H-closed spaces in39
terms of arbitrary fiber-bases. Dickman and Porter [20], [21], Joseph [22] and Long and Herrington [31] continued40
the work of Velic ?ko. We introduce the notions of ?-type transitive maps, ?-minimal maps and show that some of41
their properties are analogous to those for topologically transitive maps. Also, we give some additional properties42
of ?-irresolute maps. We denote the interior and the closure of a subset A of X by Int(A) and Cl(A), respectively.43
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4 ?

By a space X, we mean a topological space (X, ) A point x ? X is called a ?-adherent point of A [19], if for44
every open set V containing x. The set of all ?-adherent points of a subset A of X is called the ?-closure of A45
and is denoted by . A subset A of X is called -closed if . Dontchev and Maki [22] have shown that if A and B46
are subsets of a space (X, ), then also Note also that the ?-closure of a given set need not be a -closed set. But47
it is always closed. Dickman and Porter [20] proved that a compact subspace of a Hausdorff space is ?-closed.48
Moreover, they showed that a ?-closed subspace of a Hausdorff space is closed. Jankovi´ [25] proved that a space49
(X, ) is Hausdorff if and only if every compact set is ?-closed. The complement of a ?-closed set is called a ?-open50
set. The family of all ?-open sets forms a topology on X and is denoted by or topology.51

This topology is coarser than and that a space (X, ) is regular if and only if [26]. Then we observe that every52
theta-type transitive maps is transitive if (X, ) is regular. In general, will not be the closure of A with respect to53
(X , ). It is easily seen that one always has ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? , ? ? ? ? ? ? ) ( ? ? ? S U S \? ?54
? U ) )) ( ( . . ( ? ? N Cl Int e i ? ? ? ? ? ? ? ? ? ? ) (V Cl A ) (A Cl ? ) (A Cl A ? ? ? ? (B) Cl (A) Cl =55
B) (A Cl ? ? ? ? ? (B) Cl (A) Cl = B) (A Cl ? ? ? ? ? . ? ? ? ? ? ? ? ? ? ? ? ? ) (A Cl ? ? ? ? ? ? A A Cl56
A Cl A Cl A ? ? ? ? ) ( ) ( ) (57

where denotes the closure of A with respect to (X, ).58
It is also obvious that a set A is ?-closed in (X, ) if and only if it is closed in (X, ). The space (X, ) is called59

sometimes the semi regularization of (X, ). A function is closure continuous [29] (? continuous) at x ? X if given60
any open set V in Y containing f(x), there exists an open set U in X containing x such that . [29] In this paper,61
we will study the relationship between new classes of topological transitive maps called type transitive and -type62
transitive, also, new classes of -type chaotic maps and -type chaotic maps. We have shown that every ?-type63
transitive map is a ?-type transitive map, but the converse not necessarily true and that every ?-type chaotic64
map is ?-type chaotic map, but the converse not necessarily true we will also study some of their properties.65

2 II.66

3 Preliminaries and Definitions67

In this section, we recall some of the basic definitions. Let X be a space and A X . The intersection (resp. closure)68
of A is denoted by Int(A) (resp. Cl(A).69

? Definition 2.1 [6] A subset A of a topological space X will be termed semi-open (written S.O.) if and only if70
there exists an open set U such that .71

? Definition 2.2 [8] Let A be a subset of a space X then semi closure of A defined as the intersection of all72
semi-closed sets containing A is denoted by sClA.73

? Definition 2.3 [9] Let (X, ) be a topological space and ? an operator from to ?(X) i.e ?: ? ? ?(X), where74
?(X) is a power set of X. We say that ? is an operator associated with if for all75

? Definition 2.4 [10] Let (X, ) be a topological space and ? an operator associated with ?. A subset A of X76
is said to be ?-open if for each x Ñ?” X there exists an open set U containing x such that . Let us denote the77
collection of all ?-open, semi-open sets in the topological space ( ) by , SO( ), respectively. We then haveSO . A78
subset B of X is said to be ?-closed [7] if its complement is ?-open.79

? Definition 2.5 [9] Let (X, ) be a space. An operator ? is said to be regular if, for every open neighborhoods80
U and V of each x Ñ?” X, there exists a neighborhood W of x such that Note that the family of ? -open sets in81
(X, ) always forms a topology on X, when ? is considered to be regular finer than .82

? Theorem 2.6 [30] For subsets A, B of a space X, the following statements hold: (1) , where D(A) is the83
derived set of A (2) If , then84

Note that the family of ? -open sets in (X, ) always forms a topology on X denoted ?-topology and that85
?-topology coarser than .86

? Definition 2.7 [4]: Let A be a subset of a space X. A point x is said to be an -limit point of A if for each87
-open U containing x, . The set of all -limit points of A is called the -derived set of A and is denoted by [4] For88
subsets A and B of a space X, the following statements hold true: 1) where is the derived set of A 2) if then 3)89
4)? Definition 2.890

? Definition 2.9 [10]: The point x Ñ?” X is in the -closure of a set A X if ?(U) ? A??, for each open set U91
containing x. The -closure of a set A is the intersection of all -closed sets containing A and is denoted by Cl (A)92
. ? Remark 2.10: For any subset A of the space X,93

? Definition 2.11 [10] Let (X, ) be a topological space. We say that a subset A of X is -compact if for every94
-open covering ? of A there exists a finite subcollection of ? such that I Properties of ? -compact spaces have95
been investigated by Rosa, E etc. and Kasahara, S [9,10].The following results were given by Rosas, E etc. [9].96

4 ?97

Let (X, ) be a topological space and ? an operator associated with ?. A X and K A. If A is ?-compact and K is98
? -closed then K is ? -compact.99

? Theorem2.13 Let (X, ) be a topological space and ? be a regular operator on ?. If X is ? -2 T (see Rosa, E100
etc. and Kasahara, S) [9,10] and K X is ? -compact then K is ? -closed.101

? Definition 2.14 [10] The intersection of all ? -closed sets containing A is called ? -closure of A, denoted by102

2



? Remark 2.15 For any subset A of the space X, A ? Lemma2. 16 For subsets A and of a space (X, ) , the103
following hold:1) A 2) closed; 3) If A B then 4)104

5 5)105

? Lemma 2.17 The collection of ? -compact subsets of X is closed under finite unions. If ? is a regular operator106
and X is an ?-2 T space then it is closed under arbitrary intersection.107
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(U) U Ñ?” ? ? ? a(U) A ,? X ? ? ? ) (? ? ? ? ? ? ? ? ?(U) a(W) a(V).. ? ? ? ? ) ( ) ( A D A D ? ? B A ? ) (110
) ( B D A D ? ? ? . ) ( ) ( ) ( B A D B D A D ? ? ? ? ? ? ) ( ) ( ) ( B D A D B A D ? ? ? ? ? ? ? ? ? ? ? ?111
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: ( ( I i A Cl I i A Cl i ? ? ? ? ? ? ?116

Relationship between New Types of Transitive and Chaotic Maps Theorem2.12 ? Theorem 2.21 [4]: For any117
subset A of a space X,118

? Theorem 2.22. [4]: For subsets A, B of a space X, the following statements are true:1) int (A ) is the largest119
? -open contained in A 2) 3) If 4) 5)120

? Lemma 2.23 [7] For any ? -open set A and any ?-closed set C, we have 1)121

6 2)122

3) ? Theorem 2.26 Let (X, f )and (Y, g) be two topological systems, if and are topologically ?r-conjugate. Then123
(1) f is topologically ?-transitive map if and only if g is topologically ?-transitive map;? Remark 2.124

(2) f is ?-type chaotic map if and only if g is ?-type chaotic map;125
(3) f is ?-type chaotic map if and only if g is ?-type chaotic map.126

7 III.127

8 Transitive and Minimal Systems128

Topological transitivity is a global characteristic of dynamical systems. By a dynamical system ( , ) ??15] we129
mean a topological space X together with a continuous map . The space X is sometimes called the phase space130
of the system. A set is called inveriant if . A topological system (X, f ) is called minimal if X does not contain131
any nonempty, proper, closed inveriant subset. In such a case we also say that the map itself is minimal. Thus,132
one cannot simplify the study of the dynamics of a minimal system by finding its nontrivial closed subsystems133
and studying first the dynamics restricted to them.134

Given a point x in denotes its orbit (by an orbit we mean a forward orbit even if is a homeomorphism) and135
denotes its ? -limit set, i.e. the set of limit points of the sequence .136

The following conditions are equivalent:? is ?-minimal (resp. ?-minimal),137
? every orbit is ?-dense (resp. ?-dense) in X ,138
? for every A minimal map is necessarily surjective if X is assumed to be Hausdorff and compact.139
Now, we will study the Existence of minimal sets. Given a dynamical system , a set is called a minimal set if140

it is non-empty, closed and invariant and if no proper subset of A has these three properties. So, is a mi nimal141
set if and only if is a minimal system. A system is minimal if and only if X is a minimal set in . The basic fact142
discovered by G. D. Birkhoff is that in any compact system there are minimal sets. This follows immediately143
from the Zorn’s lemma.144

Since any orbit closure is invariant, we get that any compact orbit closure contains a minimal set. This is how145
compact minimal sets may appear in non-compact spaces. Two minimal sets in either are disjoint or coincide. A146
minimal set A is strongly inveriant , i.e.147

Provided it is compact Hausdorff. Let be a topological system, and ?r-homeomorphism of X onto itself. For148
A and B subsets of X, we let149

We write for a singleton thus For a point we write for the orbit of x and for the ?-closure of . We say that150
the topological system is ?type point transitive if there is a point with ?dense. Such a point is called ?-type151
transitive. We say that the topological systems is topologically ?-type transitive (or just ?-type transitive) if the152
set is nonempty for every pair U and V of nonempty ?-open subsets of X.153

? Theorem 2.8 [37] Let be a topological system where X is a non-empty locally ?-compact Hausdorff topological154
space and is ?-irresolute map and that X is ?-type separable. Suppose that f is topologically ?-type transitive.155
Then there is an element such that the orbit is ?-dense in X.156

9 a) Topologically ?-Transitive Maps157

In [35], we introduced and defined a new class of transitive maps that are called topologically ?transitive maps on158
a topological space (X, ), and we studied some of their properties and proved some Global Journal of Researches159

3



9 A) TOPOLOGICALLY ?-TRANSITIVE MAPS
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A ? ? ? ? ? ? ) ( ) ( A Cl A Cl ? ? ) int( ) ( int C C ? ? int A Cl ? ? ? )) ( int( A Cl ? ={ d}, X}.163

? ,{c, ? ,{c, d},{b, c, d},? {a, c, d},X} X X f ? : Y Y g ? : f X X X f ? : X A ? f ? A A f ? ) ( f ? f X, ...}164
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? results associated with these new definitions. We also defined and introduced a new class of ?-minimal maps.170
In this paper we discuss the relationship between topologically ?-transitive maps and ?-transitive maps. On the171
other hand, we discuss the relationship between ?-minimal and ?-minimal in topological systems.172

? Definition 3.1.1 Let (X, ) be a topological space. A subset A of X is called ?-dense in X if .173
? Remark 3.1.2 Any ?-dense subset in X intersects any ?-open set in X.174
Proof: Let A be an ?-dense subset in X, then by definition, , and let U be a non-empty ?-open set in X.175

Suppose that A?U=? . Therefore is ?-closed and i.e.176
B, but , so B, this contradicts that U? Definition 3.1.3 [12] A map is called ?- irresolute if for every ?-open set177

H of Y, is ?-open in X.178
? Example 3.1.4 [35] Let (X, ?) be a topological space such that X={a, b, c, d} and ? ={?, X ,{a, b}, {b}}.179

We have the set of all ?-open sets is ?(X, ?)={?, X, {b}, {a, b}, {b, c}, {b, d}, {a, b, c}, {a, b, d}}and the set of180
all ?-closed sets is ?C(X, ?)={?, X, {c, d, {a, c, d}, {a, d}, {}a, c}, {d}, {c}}. Then define the map f : X?X as181
follows f ? Definition 3.1.5 A subset A of a topological space (X, ) is said to be nowhere ?-dense, if its ?-closure182
has an empty ?-interior, that is, .(a)= a, f(b)= b, f(c)= d, f(d)= c, we have f is ?-irresolute because {b} is ? open183
and f-1({b})={b} is ?-open; {a,184

? Definition 3.1.6 [35] Let (X, ) be a topological space, be ?-irresolute map then f is said to be topological185
?-transitive if every pair of non-empty ?-open sets U and V in X there is a positive integer n such that . In186
the forgoing example 3.1.4: we have f is ?-transitive because b belongs to any non-empty ?-open set V and also187
belongs to f(U) for any ?-open set it means that so f is . ? -transitive.188

? Example 3.1.7 Let (X, ?) be a topological space such that X ={a, b, c}and ?={?, {a}, X}.Then the set of189
all ?-open sets is ??={?, {a}, {a, b}, {a, c}, X}. Define f : X?X as follows f(a)=b, f(b)=b, f(c)=c. Clearly f is190
continuous because {a} is open and f({a})=? is open. Note that f is transitive because f({a})={b} implies that191
f({a})?{b}??. But f is not ?-transitive because for each n in N , fn({a})?{a, c}=?; since fn({a})={b} for every n192
? N, and {b}?{a, c}=?. So we have f is not ?-transitive, so we show that transitivity not implies ?-transitivity.193

? Definition 3.1.8 Let (X, ?) be a topological space. A subset A of X is called ?-dense in X if ? Remark 3.1.9194
[38] Any ?-dense subset in X intersects any ?-open set in X.195

Proof: Let A be a ?-dense subset in X, then by definition, ? Definition 3.1.11 A subset A of a topological196
space (X, ) is said to be nowhere ?-dense, if its ?-closure has an empty ?-interior, that is,197

? Definition 3.1.12 [34] Let (X, ) be a topological space, and .-irresolute) map, then is said to be topologically198
?-type transitive map if for every pair of ?-open sets U and V in X there is a positive integer n such that199

We introduced a new definition on ?minimal [35] (resp. ?-minimal [34]) maps and we studied some new200
theorems associated with these definitions. Given a topological space X, we ask whether there exists ?-irresolute201
(resp. ?-irresolute) map on X such that the set , called the orbit of x and Global Journal of Researches in202
Engineering ( ) F Volume XIV Issue V Version I 1 2 3203

1Year 2014 © 2014 Global Journals Inc. (US)
2© 2014 Global Journals Inc. (US) denoted by O ( x ) f , i s ?dense(resp. ?dense) in X for each x Ñ?” X.. A

partial answer will be given in this section. Let us begin with a new definition.
3© 2014 Global Journals Inc. (US)
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.1 Alpha-Minimal Functions

Relationship between New Types of Transitive and Chaotic Maps IV.204

.1 Alpha-Minimal Functions205

Associated with this new definition we can prove the following new theorem.206
? Theorem 3.1.13 [35]: Let (X, ) be a topological space and be ? -irresolute map. Then the following207

statements are equivalent: (1) f is topological ?-transitive map ? Theorem 3.1.14 : [34] Let (X, ) be a topological208
space and be ? -irresolute map. Then the following statements are equivalent:209

in X.210
? Definition 4.1 (?-minimal) Let X be a topological space and f be ?-irresolute map on X with ?-regular211

operator associated with the topology on X. Then the dynamical system (X, f) is called ?-minimal system (or f212
is called ?-minimal map on X) if one of the three equivalent conditions [35] hold:213

1) The orbit of each point of X is ?-dense in X.214
2) for each x Ñ?” X 3) Given x Ñ?” X and a nonempty ?-open U in X, there exists nÑ?” N such that ?215

Theorem 4.2 [35] For (X, ) the following statements are equivalent:216

.2 Topological Systems and Conjugacy217

In this section, I introduce and define ?r-conjugated topological systems (X, f ) and (Y, g), where X and Y218
are almost regular topological spaces. First I will define ?r-homeomorphism and then I will prove new theorem219
associated with these new definitions:220

? Definition 5.1 A map.is said to be -homeomorphism if is bijective and thus invertible and both and are221
?rirresolute222

? Definition 5.2 Two topological systems (X, f ) and (Y, g) are said to be almost regular systems if X and Y223
are almost regular topological spaces.224

? Definition [38] 5.3 Let (X, f ) and (Y, g) be two almost regular systems, then and are said to be topologically225
?r-conjugate if there is ?rhomeomorphism such that . will call h a topological ?r-conjugacy. Thus, the two almost226
regular topological systems with their respective function acting on them share the same dynamics VI.227

.3 New Types of Chaos of Topological Spaces228

We will give a new definition of chaos for ?-irresolute (resp. ?-irresolute) self map of a locally compact Hausdorff229
topological space X, so called ?-type chaos (resp. ?-type chaos). These new definitions imply John Tylar definition230
which coincides with Devanney’s definition for chaos when the topological space happens to be a metric space,231
but not conversely.232

? Definition 4.1 Let (X , f ) be a topological system, the dynamics is obtained by iterating the map. Then,233
f is said to be ?-type chaotic (resp. ?-type chaotic) on X provided that for any nonempty ?-open (resp. ?open)234
sets U and V in X, there is a periodic point such that and .235

? Proposition 4.2 Let (X, f ) be a topological system.236
The map f is ?-type chaotic (resp.?-type chaotic) on X if and only if f is ?-type transitive (resp. ?-type237

transitive) and the set of periodic points of the map f is dense (resp. dense) in X.238
Let us prove only for ?-type chaotic Proof: I f f is ?-type chaotic on X, then for every pair of nonempty ?-open239

sets U and V, there is a periodic orbit intersects them; in particular, the periodic points are ?-dense in X. Then240
there is a periodic point p and with x ? U and y ? V and some positive integer n such that , so that therefore241
that is, f is ?-type transitive map.242

The ?-type transitivity of f on X implies that for any nonempty ?-open subsets U, V ? X, there is n such that243
for some x ? U, Now define244

. Then W is ?-open and nonempty with the property that . But since the periodic points of f are ?-dense in245
X, there is a p ? W such that . Therefore, and , so that f is ?-type chaotic map.246

.4 VII.247

.5 Conclusion248

We have the following results249
? Proposition 7.1. Every topologically ?-type transitive map is a topologically ?-type transitive map which250

implies topologically transitive map, but the converse not necessarily true.. ? proposition 7.2.Every ?-minimal251
map is ?-minimal map which implies minimal map, but the converse not necessarily true.. ? Theorem 7.3 Let252
(X, f )and (Y, g) be two topological systems, if and are topologically ?rconjugate. Then (1) f is topologically253
?-transitive map if and only if g is topologically ?-transitive map;254

(2) f is ?-type chaotic map if and only if g is ?-type chaotic map;255
(3) f is ?-type chaotic map if and only if g is ?-type chaotic map.256
? Proposition 7.4 Let (X, f ) be a topological system.257
The map f is ?-type chaotic (resp.?-type chaotic) on X if and only if f is ?-type transitive (resp. ?-type258

transitive) and the set of periodic points of the map f is dense (resp.259
dense) in X.260
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